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AbstractIn this paper we describe properties of a particular transformation of the sim-ple plant location problem into a vertex packing problem on a correspondingundirected graph. We characterize the undirected graphs that arise from sim-ple plant location problems and we give a necessary and su�cient condition forsuch graphs to be perfect. This allows us to �nd a new family of polynomiallysolvable instances of the simple plant location problem.



3.1. IntroductionWe assume familiaritywith basic notions of graph theory (see, for instance,[3]). Let G be an undirected graph; a clique in G is any set of pairwise adjacentvertices; a stable set in G is any set of pairwise nonadjacent vertices. A cliqueor a stable set are called maximal if there exists no other clique or stable setcontaining them. The largest size of a clique and of a stable set in G is denotedby !(G) and �(G), respectively. The vertex packing problem on an undirectedgraph G, with weights on its vertices, is to �nd in G a stable set of weight asbig as possible.A location decision problem is to choose facilities to open, such as industrialplants or warehouses, to maximize the total pro�t (or minimize the total cost)of satisfying the demand for some commodity. There is some �xed cost foractivating the facilities and a pro�t for distributing the commodities betweenthe facilities and the clients. This problem has been extensively studied in theliterature and is commonly referred to as the plant location problem. When noplant has capacity limitation, the problem is called the simple plant locationproblem, or in short (SPLP ). The study of the (SPLP ) is going to be thetopic of this paper. The (SPLP ) is known to be NP-hard.Throughout the paper, K will denote a \big" constant. Let I be a set ofplants and let J be a set of clients. Let cij be the pro�t made for supplyingclient j from plant i and let qi be the cost of activation of plant i. Thesimple plant location problem is the problem of supplying all clients so that tomaximize the total pro�t.To �nd a mathematical model of the problem, let introduce the followingbinary variables:xij = � 1 if client j is supplied from plant i,0 otherwise;yi = � 1 if plant i is active,0 otherwise.Then the simple plant location problem can be formulated as the integer linearprogram:



4. (P1) max Xi2I Xj2J cijxij �Xi2I qiyi (1)s.t. xij � yi for all i 2 I; j 2 J , (2)Xi2I xij = 1 for all j 2 J , (3)xij 2 f0; 1g for all i 2 I; j 2 J , (4)yi 2 f0; 1g for all i 2 I . (5)Constraint (2) assures that client j is supplied by plant i only if plant i isactive; constraint (3) assures that client j is supplied by exactly one plant.We shall often refer to a given instance of problem (P1) as (I; J; c; q).If I = J , I is the vertex set of a directed graph, and (1) and (3) aremodi�ed to minPi2IPj2J cijxij and Pi2I yi = P , then (P1) is known as theP -median problem. The plant location problem has several applications inbanking account location [5], clustering analysis [7], lock-bix location [13], etc.For a survey on location theory, see [10]. In [6] and [8] were introduced somereductions of the (SPLP ) to the vertex packing problem; in [1] a reduction ofthe P -median problem into a vertex packing problem was described.In this paper we focus our attention on the reduction of [1]. In the followingsection, we shall show how to generalize this reduction to the case of thesimple plant location problem. This will allows us to describe a new class ofpolynomially solvable instances of the (SPLP ).2. Transforming the (SPLP ) into a vertex packing problemThe goal of this section is to show how to transform problem (P1) into avertex packing problem on a corresponding undirected graph. The reduction



5.we are going to describe was introduced by Avella and Sassano in [1] to describenew classes of facets of the P-median polytope. In this section we shall showhow it can be extended to the case of the more general (SPLP ).For this purpose, consider an arbitrary instance (I; J; c; q) of problem (P1).First, note that we can always assume that qi � 0 for all i 2 I : indeed, if qi < 0for some i 2 I , then in every optimal solution of (P1), the correspondingvariable yi will be equal to one. Next, note that, without loss of generality, wecan always assume that each plant is also a client and, viceversa, each clientis also a plant. To see this, consider a plant i that is not a client (i 2 I � J).Set I 0 = I , J 0 = J [ fig, q0i = qi for every i 2 I 0, c0hk = chk for every h 2 I 0and k 2 J 0 � fig, and c0hi = 0 for every h 2 I 0. Then, it is easy to show thatthe original problem (I; J; c; q) is equivalent to the new problem (I 0; J 0; c0; q0).Now, let j be a client that is not a plant (j 2 J � I). Set I 0 = I [ fjg, J 0 = J ,q0i = qi for every i 2 I 0 � fjg, q0j = K, c0hk = chk for every h 2 I 0 � fjgand k 2 J 0, and c0jk = 0 for every k 2 J 0, where K is a \big" constant (K ischosen so that plant i will never be active in any optimal solution of (I 0; c0; q0)).Again, it is easy to show that the original problem (I; J; c; q) is equivalent tothe new problem (I 0; J 0; c0; q0). It follows that in (P1) we can always assumethat I = J , and so we shall write (I; c; q) in place of (I; J; c; q).Now, let (x; y) be any feasible solution of (P1). Note that constraint (2)implies that: if xij = 1 then yi = 1 (if plant i supplies client j then plant imust be active). In particular, if xii = 1 then yi = 1. Is the contrary true?In other words, is it true that yi = 1 implies xii = 1? Clearly, in general, theanswer is \no".We shall say that the instance (I; c; q) satis�es the median hypothesis ifthere exists an optimal solution (x; y) of the corresponding integer linear pro-gramming formulation (P1) such that xii = 1 whenever yi = 1, for every i 2 I .To put it di�erently, the median hypothesis assures that, if plant i is activethen it supplies itself. (Recall that we are assuming that every plant is alsoa client.) As observed in [1], the median hypothesis is always satis�ed in thecase of the P -median problem - which justi�es its name. Now, a su�cientcondition for the median hypothesis to be satis�ed for a given plant i is:



6. cii � chi for all h 2 I . (6)Observe that condition (6) has a straightforward interpretation: when plant iis active, the convenience of supplying plant i from itself is not less then theconvenience of supplying it from some other plant.Condition (6) seems quite reasonable in practice. In fact, we shall showthat we can always assume its validity. For this purpose, assume there existsa plant i for which the median hypothesis does not hold, and so it violates (6).Set Li = maxfchi : h 2 Ig and consider the following instance of the simpleplant location problem, (I 0; c0; q0) in which I 0 = (I � fig)[ fi1; i2g, andc0hk = 8>>>>>>>>><>>>>>>>>>: 0 if h 2 I 0 and k = i1, or if h = i2 and k 2 I 0 � fi2gcii if h = i1 and k = i2,cik if h = i1 and k 2 I 0 � fi1; i2g,chi if h 2 I 0 � fi1; i2g and k = i2,Li if h = k = i2,chk otherwise;q0h = 8><>: qi if h = i1,K if h = i2,qh otherwise.The \big" constant K is chosen so that plant i2 will never be active in anyoptimal solution of (I 0; c0; q0) (it is su�cient to choose K >> Li). Now, it iseasy to show that, with every optimal solution of (I; c; q), we can associate anoptimal solution of (I 0; c0; q0) of the same value, and that, viceversa, with everyoptimal solution of (I 0; c0; q0) we can associate an optimal solution of (I; c; q)of the same value. If we assume that plant i was the only one that did notsatisfy the median hypothesis, then by construction, every plant in problem(I 0; c0; q0) satis�es condition (6), and so it satis�es the median hypothesis. Ifthere were more than one plant that did not satisfy the median hypothesis,we can clearly apply the above transformation several times. Hence, we canalways assume that the median hypothesis holds, and so



7.yi = xii for all i 2 I . (7)We are now ready to show how to transform the (SPLP ) into a vertexpacking problem. For this purpose, substitute each variable xii in (P1) withthe variable yi. Problem (P1) becomes:(P2) max Xi;j2I;i6=j cijxij �Xi2I(qi � cii)yi (8)s.t. xij � yi for all i; j 2 I; j 6= i, (9)yj + Xi2I�fjgxij = 1 for all j 2 I , (10)xij 2 f0; 1g for all i; j 2 I; j 6= i, (11)yi 2 f0; 1g for all i 2 I . (12)Now, from (10) we obtain yj = 1 �Pi2I�fjg xij , for all j 2 I , and so sub-stituting into (8) and (9) and deleting the constant term (�Pj2I(qj � cjj))in (8), we get:(P3) max Xi;j2I;j 6=i(cij � cjj + qj)xij (13)s.t. xij + Xk2I�figxki � 1 for all i; j 2 I , j 6= i, (14)



8. xij 2 f0; 1g for all i; j 2 I; j 6= i. (15)Clearly, (P3) is an equivalent integer linear programming formulation of ourproblem (P1) that involves only the variables xij , with i 6= j. Indeed, forevery optimal solution x� of (P3), we can easily build an optimal solution(�x; �y) of (P1) by simply setting: �xij = x�ij for all i; j 2 I; i 6= j, and �xjj = �yj =1�Pi2I�fjg x�ij , for all j 2 I .Note that (P3) is nothing but the integer linear programming formula-tion of the set packing problem which, in turn, is well known to be equivalentto a vertex packing problem on the intersection graph G of (P3): G is theundirected graph whose vertices are in one-to{one correspondence with thevariables of (P3) and there exists an edge joining two vertices of G if andonly if the corresponding variables of (P3) appear in a same constraint; theweights of the vertices of G are simply equal to the coe�cients of the corre-sponding variables in the objective function of (P3). Hence, solving a simpleplant location problem amounts to �nd a stable set of maximum weight inthe corresponding undirected graph. In the following section we shall give acombinatorial interpretation of problem (P3) in terms of a directed graph D,and we shall show that the intersection graph G of (P3) can be seen as a \linegraph" of D.3. Line graphs of digraphsIn the previous section we have seen that we can formulate the simple plantlocation problem as the integer linear problem (P3). Now, problem (P3) canbe interpreted as a combinatorial problem. To see this, setwij = cij � cjj + qj : (16)First, note that, if wij � 0 for some i; j 2 I , then there always exists anoptimal solution of (P3) in which the corresponding variable xij will be zero.Indeed, consider the original problem (P1); the fact that cij � cjj � qj simplymeans that the convenience in supplying client j from plant i is not more thenthe convenience in opening plant j and supplying plant j from itself.



9.Now, set N = I and A = f(i; j) : i; j 2 I; i 6= j; wij > 0g and considerthe directed graph D = (N;A). To each arc (i; j) of D assign the positiveweight wij. Note that D is simple (no loops and no multiple arcs) and isnot necessarily complete. Call a subset F of arcs of D nice if it satis�es thefollowing two properties:(i) for every node i of D, there exists in F at most one arc entering in i;(ii) if (i; j) 2 F , then F contains no arc entering node i and it contains noarc leaving node j.With this terminology, it is easy to see that solving problem (P3) amounts to�nd a nice subset F of arcs of D of maximum weight.Now, we shall show that the intersection graph of problem (P3) can beseen as a line graph of the directed graph D = (N;A).For this purpose, we shall �rst recall the de�nition of the line graph ofan undirected graph. Let H = (W;P ) be an undirected simple graph (noloops and no multiple edges) and let e and f be two arbitrary distinct edgesof H . The edges e and f are called dependent if they are incident in a samevertex. Let Q denote the family of all pairs of dependent edges of H . Then,the graph LH = (P;Q) is called the line graph of H . Note that there existsa vertex of LH for every edge of H and two vertices of LH are adjacent ifand only if the corresponding edges of H are dependent. Furthermore, if Hhas weights on its edges then the vertices of LH will have correspondinglythe same weights. Clearly, there exists a one{to{one correspondence betweenthe sets of independent edges of H (matchings) and the sets of independentvertices of LH (stable sets). Hence, �nding a matching in H of maximumweight is equivalent to �nding in LH a stable set of maximum weight. It iswell known that both problems are polynomially solvable [9].Now, consider a simple directed graph (no loops and no multiple arcs)D = (N;A). As in the undirected case, we could de�ne some \dependency"between two arcs of D; assume that this is done. Then, denoting by F thefamily of all pairs of \dependent" arcs of D, we can de�ne the line graph of



10.D as the undirected graph LD = (A; F ), where, as in the previous case, twovertices of LD are adjacent if and only if the corresponding arcs of D are\dependent". Again, there exists a one{to{one correspondence between setsof \independent" arcs of D and sets of independent vertices of LD (whichagain are stable sets ). If D had weights assigned on its arcs, then LD hascorrespondingly the same weights assigned on its vertices. Let (Q1) be theproblem of �nding in D a set of \independent" arcs of maximum weight andlet (Q2) be the problem of �nding in LD a stable set of maximum weight.Clearly, problems (Q1) and (Q2) are equivalent. Clearly, there are severalways of de�ning a \dependency" between two arcs of D; for each choice therewill be a correspondent problem (Q1). In the following we shall see threedi�erent de�nitions.For this purpose, when a denotes the arc (i; j), we shall write i = t(a)(tail) and j = h(a) (head). Now, let a and b be two arbitrary arcs of D. Anatural de�nition of \dependency" is the following: a and b are dependent ifthey share a common node, i.e. t(a)=t(b) or t(a)=h(b) or h(a)=h(b). In thiscase, a set of independent arcs of D is nothing but the natural generalizationof a matching in a directed graph, and hence problem (Q1) (and so (Q2)) isagain easy: solving (Q1) amounts to �nd a matching of maximum weight inthe undirected graph underlying D.But what if we de�ne the dependency between two arcs of D in a di�erentway? Is it true that both problems (Q1) and (Q2) are still polynomial? Theanswer is in general \no".One example is suggested by Chv�atal and Ebenegger [4]. They call a andb dependent if h(a) = t(b). In this case, a set of independent arcs of D is adirected max-cut , and so problem (Q1) is NP-hard [11].One other example is given by Balas [2] who de�nes a and b dependent ifh(a) = h(b) or if t(a) = t(b) or if t(a) = h(b) and h(a) = t(b). In this case, it iseasy to show that problem (Q1) is nothing but a relaxation of the monotoneasymmetric traveling salesman problem, and so is still NP-hard [16].Our de�nition of dependency between two arcs is the following: arcs aand b are said to be dependent if h(a) = h(b) or if h(a) = t(b); see Figure 1.



11.The \line graph" of a directed graph D that arises this way, will be called theM -graph of D.
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(c)Figure 1: Dependence between arcsSince every subset F of independent arcs in D satis�es both properties (i)and (ii), problem (P3) is equivalent to problem (Q1), and so (Q1) is againNP-hard. Hence, the simple plant location is equivalent to the problem (Q2)of �nding a stable set of maximum weight in the line graph of D (M -graph ofD).Now, problem (Q2) amounts to solve a corresponding integer linear pro-gram. To write such a program, let G = (V;E) denote the M -graph of thedirected graph D = (N;A). Let:zk = � 1 if vertex k belongs to a maximal stable set of G,0 otherwise.Then, �nding in G a stable set of maximum weight is to solve:(P4) maxXk2V wkzk (17)s.t. Xk2C zk � 1 for all maximal cliques C in G, (18)



12. zk 2 f0; 1g for every node k of G. (19)Since (P1) is equivalent to (P3), which, in turn, is equivalent to (P4),it follows that we can always formulate any instance of the (SPLP ) as theinteger linear program (P4).Now, let (P4)R denote the linear problem obtained from (P4) by relaxingthe integrality constraints. We are interested in determining when all optimalsolutions of problem (P4)R are integral, for every choice of the vector w =(wk). It is well known that a necessary and su�cient condition for this tohappen is that the graph G is perfect (for a de�nition of a perfect graph, seeSection 5). Hence, every instance of the simple plant location problem whosecorresponding undirected graph is perfect, can be solved by simply solving thelinear program (P4)R. And this can be accomplished in polynomial time bythe ellipsoid method [12]. But, the ellipsoid method is not useful in practice,and so one could object that having transformed the simple plant locationproblem into problem (P4) was of no use; moreover, the linear program (P4)Rhas, in general, an exponential number of constraints (since, in general, a graphhas an exponential number of maximal cliques).In fact, the graphs in the formulation (P4) areM -graphs and in the follow-ing section we shall show that everyM -graph has only a polynomial number ofmaximal cliques. Hence, for allM -graphs G that are perfect, an optimal solu-tion of (P4) can be found by solving the easy linear program (P4)R. It followsthat every instance of the simple plant location problem whose correspondingM -graph is perfect can be solved by simply �nding an optimal solution of acorresponding LP. It is then interesting to �nd necessary and su�cient con-ditions for an M -graph to be perfect. For this purpose, in section 4, we shall�rst give a characterization of the M -graphs. In the following of the paper,we shall often denote the arc of D corresponding to an arbitrary vertex u ofthe M -graph of D, by au.4. M-GraphsIn the previous section we claimed that every M -graph G of a directed



13.graph D = (N;A) has a polynomial number of maximal cliques. To see this,consider an arbitrary maximal clique C of G. Write C = f1; 2; : : : ; ng and leta1; a2; : : : ; an denote the corresponding arcs in D. First, assume that n � 4.Since G is the line graph of D and since all vertices in C are pairwise adjacent,it follows that at least n � 1 arcs ai must share the same head; without lossof generality, we can assume that these are the �rst n � 1 (i.e., h(a1) =h(a2) = : : : = h(an�1)). But then, either h(an) = h(a1) (see Figure 2 (a))or t(an) = h(a1) (see Figure 2 (b)); in the last case, the head of an maycoincide with the tail of precisely one arc ai, with 1 � i � n � 1. Note thatwe have at most jAj such cliques, one for each arc of D. Next, assume thatn = 3. Then, either the three arcs ai share the same head (see Figure 3 (a));or h(a1) = h(a2) = t(a3) (with the possibility that the head of a3 coincideswith the tail of precisely one arc a1, a2) (see Figure 3 (b)); or h(a1) = t(a2),h(a2) = t(a3), and h(a3) = t(a1) (see Figure 3 (c)). Note that we have atmost �jN j3 � such cliques. But then, since jAj = O(jN j2), it follows that G hasO(jN j3) maximal cliques.
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(a) (b)Figure 2: Large cliques of an M -graphIn the following we shall give a characterization of the M -graphs. For thispurpose, let C = (V (C); E(C)) be an undirected graph satisfying the followingthree properties:- V (C) = T (C)[H(C) with T (C)\H(C) = ;;
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(a) Figure 3: Small cliques of an M -graph- T (C) induces a clique in C and H(C) induces a stable set in C;- every vertex in T (C) is adjacent to every vertex in H(C).The graph C is called a crown; the set T (C) is the tail of C and H(C) is thehead of C. In Figure 4 is shown a crown C with jT (C)j= 4 and jH(C)j= 3.
Figure 4: A crown.Now, let C be a family of crowns in an arbitrary undirected graph G thatsatis�es the following two properties:(1) each edge of G is contained in at least one crown in C;(2) each vertex v of G is contained in exactly two crowns in C, say C1 andC2, and v 2 H(C1)\ T (C2) or v 2 H(C2)\ T (C1).



15.A family C of crowns in G satisfying both properties (1) and (2) is called aKrausz-type covering of the graph G. Note that, in general, a Krausz-typecovering does not necessarily exist in an arbitrary undirected graph. In fact,we can show that the graphs that have a Krausz-type covering are preciselythe M -graphs.Theorem 1. An undirected graph is an M -graph if and only if there exists aKrausz-type covering of it.Proof.If Let G = (V;E) be an arbitrary undirected graph and let C = fC1; : : : ; Clgbe a family of crowns in a Krausz-type covering of G. We only need show thatG is the M -graph of some directed graph. For this purpose, associate with Ca digraph D in the following way: there exists in D a node xi for each crownCi in C, and there exists in D an arc (xi; xj) if some vertex of G is in the headof Ci and in the tail of Cj .We claim that G is the M -graph of D. To prove the claim, �rst observethat the number of arcs of D is equal to the number of vertices of G: indeed,for every two crowns in C, say Ci and Cj , there exists at most one vertex of Gwhich is contained in H(Ci) \ T (Cj), and so for every arc (xi; xj) of D thereexists precisely one vertex in V ; viceversa, for every vertex u in V there existprecisely two crowns in C, say Ci and Cj , such that u 2 H(Ci) \ T (Cj) (byproperty (2)), and so there exists in D precisely one arc (the arc (xi; xj)).Next, observe that for every pair of adjacent vertices of G, the correspondingarcs of D are dependent, that is they have a common head or the head ofthe �rst is the tail of the second. To see this, let u and v be two arbitraryadjacent vertices of G; let au and av denote the corresponding arcs of D. Byproperty (1), edge uv must be contained in some crown Ck of C. Clearly, notboth u and v are in H(Ck) (because they are adjacent), and so either bothu and v are in the tail of Ck or u is in the tail of Ck and v is in the head ofCk. In the �rst case, property (2) implies that there exist in C two di�erentcrowns, say Ci and Cj , such that u 2 H(Ci) and v 2 H(Cj) (with i 6= j, sinceuv 2 E). But then, the arcs au and av are dependent since au = (xi; xk) and



16.av = (xj ; xk), and we are done. In the second case, again property (2) impliesthat there exist two crowns in C (not necessarily distinct), say Ci and Cj, suchthat u 2 H(Ci) and v 2 T (Cj). But then, the arcs au and av are dependentsince au = (xi; xk) and av = (xk; xj), and again we are done.Hence, to prove the claim, we only need show that for every pair of dependentarcs of D the corresponding vertices of G are adjacent. For this purpose,let au and av be two arbitrary dependent arcs of D; let u and v denote thecorresponding vertices of G. Without loss of generality, we can assume thatu 2 H(Ci)[T (Cj), and so au = (xi; xj). Since au and av are dependent, eitherxi is the head of av or xj is the head of av or xj is the tail of av. In the �rst case,we can write av = (xk; xi) (k may coincide with j), and so v 2 H(Ck)\T (Ci);but then, since u 2 H(Ci), u and v are adjacent, and we are done. In thesecond case, we can write av = (xk; xj), and so v 2 H(Ck) \ T (Cj); but then,since u 2 T (Cj), u and v are adjacent, and we are done. In the third case, wecan write av = (xj ; xk) (k may coincide with i), and so v 2 H(Cj)\T (Ck); butthen, since u 2 T (Cj), u and v are adjacent, and again we are done. Hence,the claim is proved.Only-if LetD = (N;A) be an arbitrary directed graph and let x be an arbitrarynode of D. Let G = (V;E) denote the M -graph of D. Let �+(x) and ��(x)denote the set of all arcs leaving node x (outgoing arcs) and entering node x(ingoing arcs), respectively. Set �(x) = �+(x) [ ��(x). Let A(x) and B(x)denote the set of vertices of G that correspond to all arcs in �+(x) and ��(x),respectively. Note that the set A(x) [ B(x) induces a crown Cx in G withH(Cx) = A(x) and T (Cx) = B(x): indeed, A(x) induces a stable set in Gand B(x) induces a clique in G, and every vertex in A(x) is adjacent to everyvertex in B(x).Now, let C = fCx : x 2 Ng. To prove the theorem, we only need show thatC is a Krausz-type covering of G, i.e. it satis�es both properties (1) and (2).For this purpose, let u and v be any two adjacent vertices of G; let au and avdenote the corresponding arcs of D. Since au and av are dependent, they mustshare at least one node, say x, such that the crown Cx in C contains the edgeuv, and so property (1) is satis�ed. Now, let u be an arbitrary vertex of G



17.corresponding to the arc au of D. Write au = (x; y). Since au 2 �+(x)\��(y),it follows that u is contained in exactly two crowns of C, namely Cx and Cy;furthermore, u 2 H(Cx) \ T (Cy). Hence C satis�es also property (2). Thetheorem follows.5. When an M-graph is perfectIn section 3 we have seen that an arbitrary instance of the simple plant lo-cation problem is completely characterized by a corresponding directed graphD = (N;A) with weights on its arcs. Furthermore, if the corresponding M -graph (line graph of D) is perfect, then we can solve this instance by simply�nding an optimal solution of a linear program that has a polynomial numberof constraints (problem (P4)R). Hence, it is interesting to characterize allperfect M -graphs.The goal of this section is give such a characterization. For this purpose,we need to recall some results on perfect graphs. A graph G = (V;E) iscalled perfect if, for each of its induced subgraphs F , !(F ) is equal to theminimum number of colors in a coloration of V so that adjacent vertices getdi�erent colors. A graph is minimal imperfect if it is not perfect but all ofits proper induced subgraphs are perfect. In the early sixties, Claude Bergeconjectured that every minimal imperfect graph is a chordless cycle whosenumber of vertices is odd and at least �ve (odd hole) or its complement (oddanti-hole). This conjecture is known as the Strong Perfect Graph Conjecture;it remains unsettled.We shall show that the Strong Perfect Graph Conjecture holds for theM -graphs. In fact, we shall prove more: an M -graph is perfect if and onlyif it does not contain the odd anti-hole with seven vertices and it does notcontain odd holes. In order to prove this result, we shall rely on the followingproperties of a minimal imperfect graph G = (V;E) with n vertices:(a) G has precisely n stable sets of size �(G) and precisely n cliques of size!(G); [14]:(b) every vertex of G is in precisely !(G) cliques of size !(G) and in precisely



18. �(G) stable sets of size �(G) [14];(c) the n stable sets can be enumerated as S1; S2; : : : ; Sn and the n cliquescan be enumerated as C1; C2; : : : ; Cn in such a way that Si \ Cj = ; ifand only if i = j [14];(d) for every node v of G there exists a unique partition of G� v into �(G)cliques of size !(G); in particular, if S1; S2; : : : ; S�(G) are the stable setscontaining v, then C1; C2; : : : ; C�(G) partition G� v [14];(e) if !(G) � 3 then G is an odd hole or the odd anti-hole with sevenvertices [15].Lemma 1. Let G = (V;E) be a minimal imperfect graph and let M denotean arbitrary clique in G of size !(G)�1. Then there exist at most two verticesin V �M that are adjacent to every vertex in M .Proof. Assume the contrary: there exist three vertices adjacent to everyvertex in M , say u, v, and w. Clearly, u; v and w are pairwise nonadjacent.Write � = �(G) and ! = !(G).First, note that there exist precisely ��1 stable sets of size � that containboth u and v. To see this, let Su and Sv denote the family of all � stablesets of size � that contain vertex u and vertex v, respectively. Property (d)implies that Su 6= Sv. If jSu \ Svj 6= � � 1 then jSu \ Svj � � � 2, and sothere exist in Su two distinct stable sets, say S 0 and S 00, such that v =2 S 0[S 00.Now, since u 2 S 0 [ S 00, S 0 \M = ; S 00 \M = ;. But then, S 0 and S 00 are twodistinct maximum stable sets having empty intersection with the maximumclique fvg [ M , contradicting property (c). Similarly, there exist precisely�� 1 stable sets of size � that contain both u and w, and there exist precisely�� 1 stable sets of size � that contain both v and w.Now, let C1; C2; : : : ; C� denote the � cliques of size ! in the partition ofG�u. Since the pair u; v belongs to exactly ��1 stable sets of size �, withoutloss of generality, we can assume that these are S1; S2; : : : ; S��1, and so G� vis partitioned into C1; C2; : : : ; C��1; C�+1, and so v 2 C� and u 2 C�+1. Since



19.the pairs u; w and v; w belong to exactly �� 1 stable sets of size �, it followsthat G � w is partitioned into C1; C2; : : : ; C��2; C�; C�+1, and so w 2 C��1.Note that the two sets K1 = C� � fvg and K2 = C�+1 � fug are the same.But then, since the two cliques C� and C�+1 are in the partition of G� w, itfollows that K1 = K2 = ;, and so ! = 1, which is impossible.Finally, before proving the main result of this section, we need the followingproperty of theM -graphs. For this purpose, consider the graph H in Figure 5,where the edge joining vertices 5 and 6 may not be present.Lemma 2. The graph H in Figure 5 is not an M -graph.Proof. Assume the contrary: H is anM -graph, and so there exists a directedgraph D such that H is the M -graph of D. Let ai denote the arc of D cor-responding to the vertex i of H , i = 1; 2; : : : ; 6. Since the set f1; 2; 3; 4g is amaximal clique in G, as observed at the beginning of the previous section, atleast three arcs in fa1; a2; a3; a4g share the same head. Without loss of gen-erality, we can assume that h(a1) = h(a2) = h(a3). But then, it is impossiblethat arc a5 is dependent on both arcs a1 and a2, and is independent of arc a3.
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4Figure 5: The graph HSince every induced subgraph of an M -graph is also an M -graph, andsince every odd anti-hole with more than seven vertices contains H as induced



20.subgraph, an instant consequence of Lemma 2 is:Corollary 1. No M -graph contains odd anti-holes with more than seven ver-tices.Now we are ready to prove the main result of this section.Theorem 2. An M -graph is perfect if and only if it does not contain the oddanti-hole with seven vertices and it does not contain odd holes.Proof. Let G = (V;E) be an arbitrary M -graph and let D be a directedgraph such that G is the M -graph of D. The \only if part" is obvious.To prove the \if part", assume the contrary: G is not perfect. Then, withoutloss of generality, we can assume that G is the smallest (with respect to thenumber of vertices) such a graph, and so G is minimal imperfect. By assump-tion, G does not contain the odd anti-hole with seven vertices and it doesnot contain odd holes. Since G does not contain odd anti-holes with morethan seven vertices, property (e) implies that !(G) � 4. Now, let u be anarbitrary vertex of G and let au = (x; y) be the corresponding arc of D. Ifthe arc av = (y; x) exists in D, denote by v the corresponding vertex of G.Let A denote the set of vertices of G corresponding to all arcs of D that enternode x that are di�erent from the arc av ; let B denote the set of vertices ofG corresponding to all arcs of D that enter node y that are di�erent from thearc au; and let C denote the set of vertices of G corresponding to all arcs of Dthat exit node y that are di�erent from the arc av. Note that: the sets A andB induce cliques in G and the set C induces a stable set in G; every vertexin C is adjacent to every vertex in B and to at most one vertex in A; everyvertex in B is adjacent to no vertex in A; vertex u is adjacent to every vertexin A[B[C [fvg; and vertex v is adjacent to every vertex in A[B and to novertex in C. Now, let E = C [ fvg if the vertex v exists in G (i.e., if the arc(y; x) exists in D), E = C otherwise. Now, every maximal clique of G, of sizeat least four, that contains u can only be of two types: the clique A [ fu; vgand the clique B [ fu; wg where w is any vertex in E. Since !(G) � 4, it



21.follows that jEj � 3 and that the clique M = B [ fug has size !(G) � 1(for otherwise, there would exist at most three maximum cliques containingthe vertex u, contradicting property (b)). But then, M along with any threevertices in E violate Lemma 1. Hence the theorem follows.References[1] P. Avella and A. Sassano, On the P-median polytope, Technical Report22.94, Universit�a degli Studi di Roma \La Sapienza", Roma, Italy (1994).[2] E. Balas, The asymmetric assignment problem and some new facets of thetravelling salesman polytope on a directed graph, Siam J. Discr. Math.2 (1989) 425{599[3] C. Berge, Graphs and Hypergraphs, (North-Holland, Amsterdam, 1973).[4] V. Chv�atal and C. Ebenegger, A note on line digraphs and the directedmax-cut problem, Discrete Appl. Math. 29 (1990) 165{170.[5] G. Cournejols, M.L. Fisher, and G.L. Nemhauser, Location of bank ac-counts to optimize 
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