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ABSTRACT

We present anoverview of some techniques which have been proposed
transformation of logic programs. We considére so-calledrules + str
approach,and we address théollowing two issues: the correctness ofnso
transformation rules w.rt. a given semantics and ube of strategies for gu
application of the rules andimproving efficiency. We will also show throu
examples the use and the power of tlensformational approachnd we w
illustrate its relationship to other methodologies for program development.
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1. INTRODUCTION

Program transformation is a very important methodofogysoftwaredevelopment.
The basic idea consists dlividing the progranmdevelopment activity in aequence of
small,easy steps. The programmer stavith a problem specificatiowritten in some
formal language. Thispecification isthen manipulatedand transformed into an
executable program which irn is transformed, may be in several steps, with the
objective of increasing efficiencysubsequent programmanipulationssuch as
compilationand codeoptimization,can also be&iewed as an application ome ad
hoc transformation techniques. The basic ideas of therogram
transformation methodologyavebeen introduced in the eadgventiegor validating
various techniguesuch as those whiaemove recursion in favour aferation
[Darlington 72, Walker-Strong72]. However, the formalization of program
transformatiorhas been done some yedaser [Burstall-Darlingtor77] and its
extensiveuse is stronglyelated to thedevelopment ofthe functionaland logic
languages, because in those languages we can perform program manipulations using
simple tools, such asquational reasoningnd logical deductiofiClark-Sickel 77,
Hogger 81].

In this paper we will focusur attention on the transformation lofjic programs
into equivalentmore efficienbnes. We will not consider in detail the problem of
transforming specifications written in richer logical languages eéxtxutabldogic
programs. This problem is often addressed within the argaogfram synthesis
[Deville-Lau94], although in the case of logic programming the bordebitseen
‘synthesis’ andtransformation’ is very thinNor will we consider thoséechniques
which improveprogram performances by transforming logic programs into Iewelr
languages by translating the programs into WAM code and then optimizing that code.

We will mainly be concernedvith the so-called unfold/foldprogram
transformations based on thdes+ strategiesapproach. This approach consists in
starting from an initial programsay R, and then applying one or maglementary
transformation rules. Thus, we get a sequenge.PR, of programs. We want the
final program R to havethe same meaning as théial one,and thisobjectivecan be
formalized by the equation: SergfP= Sem(R) for somegiven semanticiinction
Sem. This isnormally achieved by considering transformatiates which are
semantics preservinthat is, for anygiven programs P and Q, Sem(PBSem(Q)
holds if Q can be derived from P by a single application of one of the rules.

We usually want R to be more efficient thangPThis efficiencyimprovement is
not ensured by an undisciplinege of thetransformation rules. This is theason
why we need to introduce sontransformationstrategiesthat is, meta-ruleshich
prescribe suitable sequences of applications of the transformation rules.

In logic programming there are many notionsefifciency which haveeen used.
They are related either to the size of the proofs or to the machine fRodehch
strategy wevill briefly explain in whasense prograrefficiency is improvedand we
refer to the original papers for more detailed information.



In Section 2 we introduce in an informal way the unfold/fold transformation rules
for logic programsnd, in Section 3, weviewsome correctness results for thades
w.r.t. various semantics functions.

In Section 4 we consider some basic strategies for program transformation and we
show, through somexampleshow they can be used famproving efficiency. We
also give an overview of many related techniques.

In Section 5 we briefly present partial evaluation and program specialization.

In Section 6 we finally analyze the relationship between progransformation
and some other methodologies programdevelopmentsuch as prograranalysis
and synthesis.

2. APRELIMINARY EXAMPLE

The ‘rules +strategies’ approach to program transformati@s first introduced in
[Burstall-Darlington77] for functional programs considered asts ofrecursive
equations. This approach is based on the use oélemeentary transformation rules:
unfoldingandfolding.

The unfolding rule consists ieplacing in the right hand side ofjiven equation
an instance of the left hand side ofemuationsayE1, bythe correspondingstance
of the right hand side of E1. Thpplication ofthe unfolding rule can béewed as a
symbolic computatiostep. It corresponds to theplacememule used in [Kleene 71,
Chapter XI] for the computation of recursive functions.

The folding rule consists ireplacing in the right hand side ofgaven equation an
instance of the right hand side of equationsayE2, bythe corresponding instance of
the left hand side of E2. Folding canviewed aghe inverse of unfolding, in the sense
that, if weperform an unfolding stefollowed by a foldingstep we get back thiitial
equation. Viceversa, unfolding can be viewed as the inverse of folding.

To the reader who is ndiamiliar with the transformation methodology, the
usefulness oinverting asymbolic computatiostep forimproving programefficiency
might look somewhat obscuridowever, as wevill see in Section 4, the foldingle
allows us to modify theecursive structure girograms and, bgoing so, wevill often
be able to achieve substantial efficiency improvements.

Every transformatioprocess is meaningfunly if we specify what iskept
unchanged during the transformation itself. In the case of functional programs the
unfolding and folding rulepreserve the least fixpoint semantics in fhkowing
sense: the program,Rierived from a given initial progranyRafter someunfolding
and folding steps computes a function which is less defined than or equal to the one
computed by p[Kott 78].

We can formalize the relationship between the functional progranasidPR, by
introducing a semantics function Sem whose codomain is the set of furctersd
by inclusion. In thidormalization we havthat SeniPp) O Sem(R,). Thus, in order to
preserve the computéahction, weneed to ensure also that Seg)(B Sem(R,), that



is, the derived programRerminates at least as often as the initial progrgm P

Notice that one could have that 983 O Sem(R,) holds andSem(R) [
Sem(R,) does not hold. Let usonsiderfor instancethe program {f(0)o 0, f(n+1)
o f(n)} which computes the constant function 0 foerD. If we fold thesecond
equation usingtself, then we get the prografif0) 0 0, f(n+1) 0 f(n+1)} whose
least fixpoint is the function, call it guch that g(0) = 0 and g(n) is undefined for
n>0.

The unfold/fold transformation approagas been first adapted to logiograms
by [Tamaki-Sat®4]. In that paper itis assumed that an unfolding stegsignabolic)
SLD-resolution step and folding is thererse of unfolding. The notion afverselike
in the functional casehas to beunderstood in the sense that an unfolditep
followed by the corresponding folding step (arndeversapives us back thimitial
program.

If from a program gwe derive byunfold/fold transformations a program then
the least Herbrand model of B contained in the one ofPIn this sense we sélyat
the unfold/fold transformations preserve soundness. In general theyt geeserve
completenesshat is, the least Herbrand model gfrRay be not contained in the one
of P;. In order tapreserve completenesse has to comphyith some extraonditions
[Tamaki-Sato 84].

The discussion on the various semantics whichpreserved byunfold/fold
transformations will be the objective of the next section.

Let us now consider g@reliminary example where we widlee in action the
unfold/fold rules for transforming logic programs. In tei@mple we wilalso see the
use of one extraransformation rule, calledefinition rule, and the use of a
transformation strategy, calléapling. We stress the point that we need strategies for
driving theapplication ofthe transformation rules anmhproving efficiencypecause,
since folding is the inverse of unfolding, we neand upwith a final program which is
equal to the initial one.

Letus consider the following logic prograrg f&r computing theaverage value A
of the elements of a list L:

1. average(L,A)- length(L,N), sumlist(L,S), div(S,N,A)
2. length(]],0) -

3. length([H|T],s(N))- length(T,N)

4.  sumlist([],0) -

5.  sumlist([H|T],S1)- sumlist(T,S), sum(H,S,S1)

where div(S,N,A) holds iff A=S/N and sum(H,S,S1) holds iff S1 = H+S.

Bothlength(L,N)and sumlist(L,SYisit the same list L and we camoidthisdouble
visit by applying the tupling strategy whislhiggests thimtroduction of thdollowing
clause for the new predicate newp:

6. newp(L,N,S)- length(L,N), sumlist(L,S).



By adding clause 6 togRve get a new program, Rvhich isequivalent to Bw.r.t.
all predicates occurring in the initial prograg i the sense that each growatdm
q(...), where g is a predicate occurring i Belongs to the least Herbrand model of
Py iff g(...) belongs to the least Herbrand model of P

In order toavoidthe double occurrence of the list L in thedy of clause 1, we now
fold it by using clause 6, that is, we repldeagth(L,N), sumlist(L,S)’ which is an
instance of the body of clause 6, by the corresponding instance ‘newp(L,N,S)’ of the
head of clause 6. Thus, we get:

1f. average(L,A)- newp(L,N,S), div(S,N,A).

This folding step is thénverse of unfolding newp in thieody of clause 1f.
However, if weuse the program made out of clauses 1f, 2, 3, 4, 5, and 6 we do not
avoid the double visit of the list L, because newp is still defined in terms of the
individual predicatetength and sumlist. Again iefficiency ispossible if wederive a
recursive definition of newp in terms of newp itself.

Thisrecursive definitioan be obtained as follows. We first unfold clause 6 w.r.t.
length(L,N),that is, wederivethe following two resolvents of clausauing clauses 2
and 3, respectively:

7. newp([],0,S)- sumlist([],S)
8. newp([H|T],s(N),S)- length(T,N), sumlist([H|T],S).

We then unfold clauses 7 and 8 w.r.t. sumlist([],S) and sumlist([H| T&Spectively,
and we get:

9. newp([],0,0)~
10. newp([H|T],s(N),S1)- length(T,N), sumlist(T,S), sum(H,S,S1).

We can now fold clause 10 using clause 6 and we get:
10f. newp([H|T],s(N),S1)- newp(T,N,S), sum(H,S,S1).

At this point we may assume that the transformation process is completed. In the
final program made out of clauses 1f, 9, 10f, 2, 3, 4, and 5, the dasiblef theinput
list L is avoided and, thus, the efficiency is improved. The irdgia finalprograms
havethe same least Herbrand model semantics w.r.t. the prediwatrageength, and
sumlist.

The cruciabktep in theaboveprogram transformation which improves firegram
performance, ighe introduction of clause 6 defining the new predicate newp. In the
literaturethat step is referred to agarekastepand thepredicate newp ialsocalled a
eurekapredicate It can easily be seen that eureka steasnotin general be
mechanically performedhecause they require a certain degree of ingenuity. Bhere
howeveryery manycases in which the synthesis of eureka predicates can be done in
an automatic waynd this is the reason why practice theuse of theprogram
transformation methodology turns out to be very powerful.

In the following sections we will present in detail the various transformaties
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and the semantics theyeserveand we will also present the varidusnsformation
strategies. In this context wdll consider the problem of the eureka steps andilive
see that they can often be performed on the bassymifactical properties of the
program to be transformed.

3. UNFOLD/FOLD RULES FOR LOGIC PROGRAMS

We now present some of the maostevant transformatiorules which havéeen
considered in thiteratureand we discuss the restrictions one should impogleeim
use depending on the semantics one would like to preserve.

The notion of program weill use in this paper igery similar to theone ofnormal
programs [Lloyd 87] and it is defined as follows.

We assume that all our programs aritenusing symbols taken from fixed
language L. The Herbrand universe and the Herbrand base are constructed out of L,
independently of the programs. This assumption is maiotivated bythe fact that it
is often useful to have that the Herbrand base does not changereusferming
programs.

An atomis a formula of the form pjt..., t,) where p is a predicagymbol ofarity
n taken from L and!..., t, are terms constructed out wériables, constants, and
function symbols in L. Aiteral is either goositiveliteral, that is, aratom, or anegative
literal, that is, a formula of the form: =A, where Ais an atom.

Anormal clauseis a formula of the form: H- L;,..., L, where theneadH is an
atom and théodyL1,..., L, is a (possibly emptygequencégnot ase) of literals not
necessarily distinct. Iparticular, if yZL, the clauses H- L{,L,and H- Ly, L4 are
different (evernthough their semantics may be the same). The head and the body of a
normal clause C are denoted by hd(C) and ba@ShectivelyCommawill be used to
denote thessociative concatenationgdéquences of literals. Thus, H (L1, ..., Ly,
(Lm+1--- Ly isequalto H- L,..., Ly, Ly 400 Ly

Anormalgoalis a formula of the form:- L,,..., L, where ly,..., L, is a (possibly
empty) sequence of literals. If n = 1 andi$ an atom then a normal goal is said to be
atomic When naambiguity arises, we wifeel free to identify the notion of goaith
that of sequence of literals.

Anormal programs asequencénot ase) of normal clauses.

Normal clauses, normal goaksnd normal programs are callddfinite clauses
definite goalsanddefiniteprograms respectively, if no negatiVigerals occur irthem.
The qualifications ‘normal’ and ‘definite’ will often be omitted when they are
irrelevant or understood from the context.

Given the programsP= <C,..., G>and B = <D;,..., Dg>, the concatenation
<Cy,..., G, Dy,...,Dg> of Pp and B is denoted by P@ P,. When denotingrograms
we will feel free to omit angle brackets and commas if they are understood from the
context.

The set ofvariablesoccurring in a term (diteral, or sequence oliterals, or clause)
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T is denoted by vars(T). We assume thattrablesoccurring in the clauses can be
freely renamed, as usualjone for boundrariables in quantified formula$his is
required to avoid clashes of names, lifa, instance, when performin§LDNF-
resolution steps.

The program transformation process starting from a given initial proggacar
be viewed as aequence of programsg,P., P, calledtransformationsequencesuch
that program R, with 0 < k < n-1, is obtained from Pby theapplication of a
transformation rule, which may depend @ P, .

During the process of program transformation we need to take into account the
semantics which is preservdebr thesemantics of a normal program egplicitly
consider its dependency on the input goal, also cgliedy and thus, we define a
semanticgor a set Programs of normal programs and a set Querasroicqueries,
to be a function Sem: Program®ueries- (D,<), where (Ds) is a patrtially ordered
set. Folinstance, if P is pgrogram in the set Programsdsfinite programsand Q is a
guery — Ain the set Queries adtomic querieghen we may take Sem(P,Q) to be the
set of instances of Awhich belong to the least Herbrand model of P. In this case the set
D is the powerset of the Herbrand base of the language of Programs ardkethey
<is set inclusion.

We say that two programg Rnd B areequivalentw.r.t. Sem iff for all queries Q
in Queries Sem(EQ) = Sem(B,Q).

We now introduce our formal notion of correctness dfaasformatiorseque

w.r.t. a generic semantics function.
DEFINITION 1. (Correctness of a Transformati@®equencelLet Sem: Programs
Queries- (D,<) be a semantics function. A transformation sequengce. PP, of
programs in Programs fmrtially correctw.r.t. Sem iff for each query Q Queries,
containing onlypredicatesymbols which occur in & we have thaGem(R,,Q) <
Sem(R,Q). R,..., B, istotally correctw.r.t. Sem iff Sem(RQ) = Sem(R,Q).

A transformation rule igartially correct (totally correc) w.r.t Sem iff for any
transformation sequencg,P., B whichis partially correct (totally correct) vi.rSem
and for any program P, obtained from R by an application of that rule, viiave
that the transformation sequencg.P, Py, Py 41 is partially correct (totallgorrect)
w.r.t. Sem. ]

Obviously, if Ry,..., Bx and R,..., P, are partially correct (totallycorrect)
transformation sequences, also tieeimcatenation §..., P, is partially correcftotally
correct). In what follows, by ‘correctness’ we will mean ‘total correctness’.

In the remaining part of this Section 3 we present the basic transformation rules and
theirrelevanproperties. These rules arellectivelycalled unfold/fold rules antthey
are a straightforwardeneralization othose presented in [Tamaki-S&4]. In their
presentation we will refer to the transformation sequenge. .. We assuméhat
thevariables othe clauses which aievolved ineach transformation rule assitably



renamed so that they dot have variables in common.
We need the following notions. Given a predicate p occurring in a program P, the
definitionof p in P is the subsequence of all clauses in P whose head predicate is p.
Apredicate pdepends om predicate g ithe program P iféitherthere existsin P a
clause of the form: p(...} Body such that g occurs in Body there exists in P a
predicate r such that p depends on rin P and r depends on g in P.

3.1 TRANSFORMATION RULES

R1. Unfolding. Let B¢ be the program <£..., E, C, E44,..., E5> and C be the
clause H- F A, G, where A is gositive literaland F and G are (possit#ynpty)
sequences of literals. Suppose that:

1) <Dj,..., Dy, with n>0, isthe subsequence all clauses in a program,Rvith 0
< j £ k, such that A isunifiable with hd(QQ),..., hd(D,,), with mostgeneral
unifiersey,..., 8, respectively, and

2) Gistheclause (H- F, bd(Q), G, fori=1,..., n.

If we unfold C w.r.t. AusingDy,..., Dy in Pj we derivethe clauses £..., G, and we
get the new programB, =<g,....5, Cy,..., Gy, B 41,-- B>

When referring to unfolding steps wél often use a simpldéerminology, like, for

instance, ‘taunfold C w.r.t. Ausinng'.

The unfolding rule corresponds to thpplication of SLD-resolution to clause C
with the selection of the positive literal A and the input clausgs.PDp,.

Some early forms of unfolding used in logic programming can be foJdbirk-
Sickel 77, Hogger 81, Komorowski 82] in the context of program synthessaairal
evaluation. We dmot consider here the unfolding of a clause w.rtegativditeral,
like the one in [Kanamori-Horiuchi 87, Gardner-ShepherdsonHiljever.that kind
of unfolding can be expressed in terms of the geglhcemerdand clauseeplacement
rules introduced below.

Example 1 Suppose that C = p(X) q(t(X)), r(X) is a clause in Rand thedefinition
of gin Ei with 0< j <k, consists of the following clauses:

q@) -
q(t(b)) -
q(t@)) - r(a).

Then, by unfolding C w.r.t. q(t(X)) usinq e derive the following two clauses:

p(b)  r(b)
p(@) - r(a), r(a)
which are substituted for C in.Ro obtain i ;4. u

R2.Folding. Let B be the program <&..., §, Cy,..., Gy, B 44,..., Es> and <DO,...,
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D> be a subsequence of clauses in a programith 0< j < k. Suppose thahere
exists a positive literal Asuch that, fori=1,..., n:

1) hd(DQ) is unifiable with Avia a most general unifigg

2) G is the clause (H- F, bd(DQ), G);, where F and G are sequenceditefals
and

.ﬂ:]%)Afor any clause D oijnot in the sequence <D.., D>, hd(D) is nounifiable

with A.
If wefold Cy,..., Gy usingDy,..., Dy in Pj we derivethe clause H- F A, G, call it C,

and we get the new program P, = <Ey,..., E, C, B 4q,..., E&>

Our folding rule issimilar to the one considered in [Maher 89] and it idriherse
of the unfolding rule, in the sense that givetransformation sequencg,P., R,
Pk+1 Where R4, has beernobtainedfrom B, by unfolding, thereexists a
transformation sequence,P., B, Py 4+, Pk, where R has been obtained from P,
by folding. Analogously, unfolding can be viewed as the inverse of folding.
We would like to stress the point that the possibilitingérting anunfolding step
by a folding step andceversagdepends on the fact that for transforming programs we
can use clauses taken from any program of the transformation sequence constructed so
far.

Example 2The clauses

Cq: p(t(X)) - q(X), r(X)
Ca: p(u(X)) - s(X), r(X)

can be folded using

Dy a(X, t(X)) - a(X)
Do: a(X, u(X)) - s(X)

thereby deriving

C: pY) < a(X)Y), r(X).
Notice that by unfolding clause C using &nd D, we get again clauses @nd G. =

The folding rules considered in [Tamaki-Sato 84, Tamaki-Sat&K&8&amura-
Kanamori 90] are instances of thbove one. In particular the folding rule givenin
[Tamaki-SatdB4] for definite programs can be presented in the conterbahal
programs as follows.

R3. T&S-folding. Let B be the program <&..., E, C, E44,..., E5> and D bee
clause in the program,Rvith 0< j < k. Suppose also that:
1) Cisthe clause H- F, bd(D}p, G, such thatF, bd(B)and G are sequences of
literals, and
2) o restricted to the set vars(bd(D)) — vars(hd(D)) isadaable renamingrhose
image has an empty intersection with the set vars(H, F, 6d@))and
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3) thepredicatesymbol of hd(D) occurs ian)nIyonce,that is, in the head of the
clause D (thus, D is not recursive).
If we T&S-foldC w.r.t.bd(D)6 usingD in P; we derivethe clause H- F, hd(Dp, G,
call it E, and we get a new programg R by replacing C by E in )P

By applying the T&S-folding rule theerivedprogram k., differs fromprogram
Py because of the replacement of exactly one clause by another one.
It is the case that by applying the T&S-folding rule to clause C using a clause D of
P; and then unfolding the resulting clause using D we obtain ageamigatof) C. To
get this relationshipetweenT &S-folding and unfolding, the presence of condition 2)
in R3 is essential, as shown by the following example.

Example 3.Let C be p(X)- q(X) and D be r— q(Y). Suppose that D is ttanly
clause in Pwith head r. Clauses C and D satisfy conditions 1) and 3) of&se
foldingrulé, but they do not satisfy condition 2) because Y does not occur iredioe
of r — q(Y), e = {Y/X}, and X occurs in the head of C. By unfolding the clause
p(X) — rusing I?we get p(X)— q(Y), which is not a variant of C. "

It is not thecasehoweverthat by applying a T&S-folding step tackusesay C1,
we can always get back (ariantof) a given clausesay C,even if Clhasbeen
obtained from C by performing an unfolding step using one clause only.

Example 4Let C be the clause p(X) r(X) and D be the clause r(t(X)) q(X). From
program <C,D>, by unfolding C using D we get theclause C1 =
p(t(X)) - g(X). There are only two ways of applying the T&S-folding rule to C1. The
first one is to use clause @&elf, thereby getting the clause p(t(X)) p(t(X)). The
second one is to use clause D and if we do so we get the clause p(f(xX)). In
neither case we getvariant of C. Obvioushfrom the program<C1,D> wecan get
again the program <C,D> by the general folding rule R2. "

R4. Definition Introduction (or Definition, for short) We may get programP;.;
by concatenatingrogram R with a sequence of clauses <p(...Body, li=1,..,n>
such that the predicate symbol p does not occug,in F.

This definition rule is similar to the one in [Mal&9] and it is more genertiian
the definition rule considered in [Tamaki-Sato 84], where only one non-recursive new
clause can be introduced (see R15 below).

RS. Definition Elimination. We may get program|P.; by deletingrom program
Py all clauses of the definition offedicate cguch that g does not occur i &d no
predicate different from q depends on g jn P

The definition eliminationrule can beviewed as an inverse ahe definition



12.

introduction rule (modulo the name of theedicate whictnas beerliminated). It has
been presented in [Maher 87, Maher 89] and also in [Bossi-Cocco 90] where it has
been calledestriction

R6. Goal ReplacementA replacement laws a pair S= T, where S and T ar
sequences of literals. Let {X.., X} be the set vars(S) vars(T),and let usonsider
the following two clauses:

Ds. p(X1... Xp) < S
DT' p(Xl,...,Xn) T

where p is any newredicate symbol. Weay that S T is valid w.r.t. thesemantics
Sem and programPiff Sem(f; @ <Dg>, — p(Xy,..., X)) = Sem(R @ <Dy>,
<« P(Xq,e.0s Xp))-
LetC=H- F S, G be a clause i Buch that:

1) S=Tis avalid replacement law w.rSem and g, and

2) vars(H,FG) vars(S) = vars(H,FG) vars(T) = {Xy,..., Xj}-
By replacement o5 in C usingS = T we derivethe clause H- F, T, G, call it R, and
we get i 4, by replacing C by R in|R

The relatiore defined in the above rule R6 is an equivalence relation.

Our goalreplacementule has beemdapted from various versions presented in
[Tamaki-Sato84, Tamaki-Sato36, Maher 87, Maher 89, Maher 9Gardner-
Shepherdson 91, Bossi et al. 92]. In ordesummarize some different cases, our
presentation of rule R6 is parametric w.r.t. the semantics function Sem.

Example 5SLet us consider the following clauses i P

C. sublist(N, X, Y)< length(X, N), append(V, X, W), append(W, Z, Y).
append([], L, L)~
append([H|T], L, [H|TL])~ append(T, LTL).

Let us assume thatpr any definite program Pand atomic query - A
Sem(P- A) is the set of instances of A which belong to the least Herbrand model of
P.

The replacementaw ‘append(V, X,W), append(W, Z, YE append(X, L, M),
append(K, M, Y) (which expresses a weak formaggociativity ofappend) isvalid
w.r.t. Sem and R Indeed, if we consider the following two clauses:

Dt. p(X,Y) — append(X, L, M), append(K, M, Y)

we havethat Sem(R @ <Dg>, — p(X, Y))= Sem(R, @ <Dt>, ~ p(X, Y)). Thus, by
goalreplacement of ‘append(V, XV), append(W, Z, Y)' in C welerivethefollowing
clause:

sublist(N, X, Y) - length(X, N), append(X, L, M), append(K, M, Y). ]
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Thevalidity of a replacement law is in general undecidabtavever, if we use
totally correct transformatiamiles only, therfor any transformation sequence mezd
to prove a replacement laanly once.lndeed, if S= T is valid w.rt. a semantics Sem
and program P, then=T is valid w.rt. Sem and Q foeveryprogram Qderived from
P by using totally correct transformation rules.

In order to prove thealidity of a replacement lawhere are some ad hpcoof
methods depending on the specific semantics which is considered (see Section 6).

A simple method which is parametric w.rthe chosersemantics is based on
unfold/fold transformations. Itwas introduced byKott for recursiveequation
programs [Kott 82] and itapplication to logigprograms is described [Boulanger-
Bruynooghe 93, Proietti-Pettorossi 93BJven thereplacement law S T, we consider
the two clauses and Dy which are defined from S and T as speciéibdveand we
construct two correct transformation sequenceg@ #Ds>,..., P, and P@ <Dt>,...,
P,, for some final program PThus, Sem(k2 <Dg>, - p(Xy,..., X)) = Sem(B,
P(X1,..., Xy) = Sem(P@ <Dt>, — p(X4,..., X)), and thevalidity of S= T w.r.t. Sem
and P is proved.

For instancethevalidity of the replacement law considered in Exampledn be
proved as shown in the following example.

Example 6Consider again programf Example 5 and the clauses:

Ds. p(X,Y) - append(V, X, W), append(W, Z, Y)

Dt. p(X,Y) — append(X, L, M), append(K, M, Y).
In order to prove that SemRe <Dg>, — p(X, Y)) = Sem(F @ <Dt>, ~ p(X,Y))we
will construct two transformation sequences, the first one starting fgo@ fDg>
and the second one starting frop B <Dy>. Their correctness wtr suitable
semantics functions will be shown in Section 3.2. As a consequenepliiement
law ‘append(V, XW), append(W, Z, Y¥ append(X, LM), append(K, M, Y)' isvalid
w.r.t. those semantics functions.

The first transformation sequence startfingm B, @ <Dg> is constructed as

follows. We unfold clause §w.r.t. append(V, X, Wyand wederivethe following two
clauses:

D1. p(X,Y) « append(X, Z,Y)
D2. p(X,Y) — append(T, X, T1), append([H|T1], Z,Y).

We now unfold clause D2 w.r.t. append([H|T1], Z, Y) and we get:
D3. p(X, [H|T2]) - append(T, XT1), append(T1, Z, T2).
Then we fold clause D3 using clausg &hd we derive:
D3f. p(X, [H|T2]) - p(X, T2).

Thus, from i @ <Dg> we derive the final program of the transformasequence,
which is B, @ <D1, D3f>.
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The second transformation sequence staoi: B, @ <Dt>. We first unfold
clause 3 w.r.t. append(K, M, Y). We derive two clauses:

D4. p(X,Y) — append(X, L, Y)
D5. p(X, [H|U]) ~ append(X, L, M), append(T, M, U).

By folding clause D5 using clauserive get:
D5t p(X, [HIU]) - p(X, U).

Thus, the final program of this transformation sequencg i® RD4, D5f>, which is
equal to R @ <D1, D3f> up to variable renaming. ]

We finally present the clauseplacement transformatiagale. Similarly to the go
replacement rule, whave chosen gresentation which is parametric av.rth
semantics function Sem, so that we gare account ofthe different rulesonsidere
in theliterature [Tamaki-Sato 84Vlaher 87, Maher 89, Maher 90, Bossi-Coc€o 9
Gardner-Shepherdson 9Rroietti-Pettorossdla]. Its applicability condition is ti
general undecidable, dsr the goalreplacementule. However, inthe followin:
Section 3.2 wavill show some useful instances of the claeptacementule wha
applicability conditions can be effectively tested.

R7. ClauseReplacement.From R, = <E,...,E, C,..., Gy, E4q,..., E5> we get
Pk+1 = <E1,--., B, D1,..., Dy Epgqs..., E5> if fOr every query Q containingnly
predicates occurring inRJ Py, we have that Sem(PQ) = Sem(R 44, Q).

3.2 SEMANTICS PRESERVINGTRANSFORMATIONS FOR DEFINITE
PROGRAMS

We now consider programséthout negative literals ithe bodies of their clauses and

we discuss theorrectness othe transformatiorrules w.r.t. varioussemantics
functions. We will first review the correctness properties ofinfold/fold
transformations wi. both the least Herbrand model and tleenputedanswer
substitution semantics. We then take into account semantics functions related to
programterminationsuch as thénite failure semantics and the answer substitutions
semantics computed by the depth-first search strategy of Prolog.

3.2.1 LEAST HERBRAND MODEL

In this section we assume that the semantics function is based on the cofezst of
Herbrand model of a definite prograihis function, call it Serp, has type: Programs
x Queries- (D,<), where Programs is the setdsfinite programs, Queries is the set
of atomic queriesand (Dg) is the powerset of the Herbrand base ordered by set
inclusion.

As already mentionedyhen considering least Herbrand models of programs we
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assume that we are given a fixed language L, so that the Herbranddesseot
change during the transformation sequencepatticular, if weintroduce goredicate,
say p, not occurring in given program, byapplying rule R4, then we assume thatp is
in L.

Semy(P, ~ A) is defined as the set of atoms in the least Herbrand modetbicR
are instances of A.

Let us now consider the following instances of the goal and cleptseement
rules, whose correctness w.r.t. $eoan easily be checked.

R8. Goal Rearrangement.We get i, from B, by replacing the goal G,H ina
clause of R by the goal H,G using the replacement law G,H,G.

R9. Deletion of Duplicate GoalsWe get R, from B by replacing the goal G,G
in a clause of P by the goal G using the replacement law €G.

From rules R8 and R9 it follows that the body of a clause can be considered as a
set of atoms. (Recall that we have already assumed that comma is associative.)

R10. ClauseRearrangement.We get k. by replacing the sequence of clauses <C,
D> in B by <D, C>.

R11. Deletion of Subsumed Clause# clause C issubsumedtby D iff there exist
substitutiors and a sequence of atoms S such that hd(@ié)» and bd(C) =
bd(D), S. We get R, by deletingfrom R a clause which is subsumed dmyother
clause in R.

Obviously, rule R11 allows us to delete duplicate clauses.

R12. Deletion of Clauses with Finitely Failed BodyLet C be a clause ingFof
the form H Ag,..., App, L, By,..., By with m,n> 0. If L has dinitely failed SLD-tree
in Py, then we say that C hadiaitely failed body irP, and we get R, by deleting C
from A;.

The above fiveeplacementules R8,...R12 will collectively becalledboolean
rules

Notice that, rules R8, R9, Ri1and R11, aremplicitly used wherconsidering
programs asetsof clausesand bodies of clauses astsof literals. On the&ontrary,
as already mentioned, ihis paper we consider programs as sequences of clauses and
bodies of clauses as sequencégerfals,and wehave tomake an expliciise ofrules
R8, R9, R10, and R11, when needed. Choice ismotivated bythe fact thasome
instances of these rules are not correct wbensidering the computeahswer
substitution semantics (see Section 3.2.2) or the pure Prolog semantiSscser
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3.2.4).

THEOREM 2 [Tamaki-SatB84]. Every transformatiosequence constructed by using
the rules ofunfolding, definition introduction, definition eliminatioand clause
replacement is totally correct w.r.t. Sgm

PROOF. By the soundness andompleteness of SLD-resolution we get th
correctness of unfoldingThe one of thedefinition introductionand defi
elimination is a consequence ohe fact that the notion ofcorrectnes
transformation sequence is defined w.r.t. queries containing prgicate sy
which occur in thenitial program. The total correctness of the clatsgacem
is a straightforward consequence of the definitions. ]

Nothing can be said about the total correctness of a transformation seqyence P
P, containing folding and goakplacemendteps different from R8 and REwdeed,
for P and R, 44, with Osk<n, it may happen that either Sg(Ry, — A) < Semy(Py 41,
~ A) or Seny(Py, ~ A) > Seny(Py 41, — A), where < means and#.

For instance, consider the following transformation sequence:

Pop-0d q-
Pi: p-p g~ (byfolding, or goal replacement, since p is valid in )
Py p-q q- (byunfolding using clauses ipP

Thus, we have derived the progragefgual to programd?
We havethat Sermpy(Pg, —~ p) > Seny(Py, — p) and Seg(Py, — p) < Seny(Py, -

p)

However,the reader may verify that, by applying the folding rule or dbal
replacementule to the program Pof a transformation sequencg, P.,P, we derive
clauses which are true in the least Herbrand modej.of ius, wenavethefollowing
result, which generalizes tlome of [Tamaki-Sat84] which was stated for\weaker
version of the transformation rules.

THEOREM 3. Partial Correctness of Transformations w.rSeny) Every
transformation sequence constructed by using theRiles.,R12 ispartially correct
w.r.t. the semantics Semn .

From Theorem 3 it followthat, if there exist a transformation sequengefr®....,
Pn_1, Pp constructed by using the set of ruRg,...,R12 and atransformation
sequence B Qy,..., Q, Po, with k=0, constructed by using the same set of rthes,
both sequences ai@ally correct w.t. Seny. This property suggests timeroduction
of the notion ofreversibletransformationsequencewhich can be stated w.r.t. any set
R of transformation rules.
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DEFINITION 4. LetR be a set d¢fansformation rules. Atransformation sequenge P
P1,..., Phy, Pn is said to bereversiblew.rt. R iff there exists dransformation
sequence B Qy,..., Q. Po, with k=0, which can be constructed bging the same set
R

Atransformation rule which belongs to R, is said tadeersible w.t. R iff every
transformatiorsequence § P; obtained by applying that rule to any giyeogram
Po. is reversible w.r.t. R. "

Notice that, the construction of the transformation sequepc®Rg..., Q. Py
should be independent of the construction of the transformation sequgiige.R
Ph_1, Pn- This independence condition is crucial becausgeireral, wean derive a
new program by using clauses occurring in a progrdich is not the last one of the
transformation sequence hand. Thus, it may be the case that there exists a
transformation sequence,MPy,..., Ph_4, Py, ..., Po, but there is ndransformation
sequence R Qy,..., Q, Py, that is, B, Py,..., Ph_4, Py is not reversible.

THEOREM 5. Let Sem be a semantics function and R a set of transfornudgmn
which arepartially correct w.t. Sem. If a transformation sequence constructed using R
is reversible, then it is totally correct w.r.t. Sem. n

In general, it ishard to check whether amot atransformation sequence is
reversibleHowever, wehave that the clauseplacementule isreversible w.t. itself
(as a simpleonsequence of itdefinition),and rules R13 and R14 which wll
introduce beloware reversible w.t. any set of rulesncluding {R1, R2,R6}.
Therefore, by Theorems @nd 5 every transformation sequengg B obtained by
applying rule R13 or rule R14 to a given progragsRotally correct w.r.t. Sem

These rules R13 and R14 are instances of the folding andeptetementules,
respectively.

R13. ReversibleFolding. A folding step of clausesG.., G, in Py using D,..., D
in program IJDis said to be geversible foldingff j=k and {Cy,..., Gy} n {D1,...,Dp}
=0.

Let C be the clausgerived byapplyingreversiblefolding to clauses €..., G, in
Pk using Dy,..., D, and let B, P4, be the resulting transformation sequence. We
havethat also 44, Py is a transformation sequence, becauge.DDp, are in B 441
and by unfolding C using ..., D, in P 4, we get i again.

Example 7By reversible folding from the following program:
Po:  p-qr q- re s-q
we get:

Py: p-str q- re S < d.
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Notice that by unfolding the first clause of R.r.t. s we get againgP n

Various instances of theeversible foldingule have been proposed in [Matier
Maher 89, Gardner-Shepherdson 91].

As already mentionedolding is not atotally correct rule w.t. Seny, and thus,ti
not reversible w.t. the set of rules made out ohfolding, folding,definition
introduction, definitiorelimination,and boolean ruleR8,..., R12, which arpartially
correctw.r.t. Semy. Analogous statemehblds if we refer to T&S-folding, instead of
folding.

In rule R13 wehave indicated some sufficient conditions which makddlting
rule to be aeversiblerule. These conditions aparticularlyuseful because they can be
syntactically checked.

In what follows, by an application dlie reversible foldingule we will mean an
application ofrule R13, rather than application ofthe folding rule which produces a
reversible transformation sequence.

Unfortunatelythe reversibility restriction tahe folding rule seriously limits its
power. For instancefor the derivation of the recursive definition othe predicate
average irthe example of Section 2, waveperformed a folding step which is not a
reversible folding.The following example shows that the set of rules consisting of
unfolding andreversible folding is strictiess powerful than the one consisting of
unfolding and (totally correct) folding.

Example 8Let us consider the following two programs:

Poo p-ar g-q rer

P p-p q-q rer
P, can be obtained fromgFby a folding step (whichis a T&S-folding stefphis
folding step is totally correct becausg #d R areequivalentw.t. Semy. On the
other hand, it is impossible to derivge fom Py by using unfolding andeversible
folding only.Indeed, if we apply unfolding aeversibldolding to any clause infive
get again . n

R14. Reversible GoaReplacement.Let C be a clause inPand S=T be a valid
replacement law wir the semantics Sem and progragn Phereplacementof S in C
using S=T is said to be a Seneversible goal replacemeifitS = T is valid w.rt. Sem
and the derived prograny ;.

Suppose that bseplacement of S in @sing SS T we derive &lause R and we get
the program R4, = (F,— {C}) 0 {R} and S=Tis validw.rt. Sem and p,,. Then
T=S is validw.t. Sem and p,, and byreplacement of T in Rsing T=S we get P
again. Thus, theonditions indicated inR14 aresufficient to ensure thajoal
replacement is reversible vi.{R14}.

Similarly to the case of folding, by application otthereversiblegoalreplacement
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rule we will mean an application of the rule R14.

Rules R8 and R9 are particular instances of.peswersible goal replacements.

In what follows we will feel free t@ay ‘reversible goaleplacement’, instead of
‘Sem-reversible goaleplacement’, whethe semantics function Sem usiderstood
from the context.

Example 9 Consider again the programg &hd B of Example 8. The foldingtep
which produces Pfrom P, can also beiewed as goalreplacement stepecause g
g, r is validw.t. Seny and Ry. Since p=q, r is valid also w.t. Seny and R, the
transformationstep from B to P; can beviewed as an application ahe
Semy-reversible goal replacement rule, and therefore, it is correct w.rg;. Sem =

As a summary of the above considerations we have the following result.
THEOREM 6. [Maher 87] Let ..., P, be a transformation sequencedefinite
programs, constructed bysing the following transformationrules: unfolding,
reversible folding, definition introduction, definiti@imination, Sem-reversible goal
replacement (including R&nd R9), clauseeplacement (including10, R11, and R12).
Then B,..., B, is correct w.r.t. the semantics Sgm n

We have seen that threversible foldingrule R13 has thedvantage of &
totally correct transformation ruldut as alreadynentioned, it is a weakule
Example8). In order toovercomethis limitation we now present a more po
folding rule which isnot an instance of R13 and yet ittistally correct w.it. Sem
The correctness of this new rule is ensured by an easifiable condition on the
transformation sequence.

Let us first notice that by performing a folding step we may introcemesive
clauses frormon-recursive@nes and somifinite computations may replafiaite
ones, thereby affecting the semantics of the program and loosing total correctness.

A simple example of this undesired introduction of infinite computations is
folding, where all clauses ingredicate definitiortan be folded usinthemselves. For
instancethe definition p— q of a predicate pan be replaceflising T&S-folding) by
PP

Thisinconveniencean beavoided byensuring thatenough’unfolding stepsiave
been performed before folding, so thgbing backward in thecomputation’ (as
folding does) does natrevail overgoing forward in thecomputation{as unfolding
does). This idea is the basis of various techniqueioh total correctness is ensured
by counting the number of unfoldingnd folding stepsperformed during the
transformation sequence [Kott 78, Kanamori-Fujita 86, Bossi et al. 92b, Amtoft 92].

For thepresentation of the powerful folding rule hvavepromisedabove, we need
the following assumptions [Se8il]. We assume that gdtedicatesymbolsoccurring
in each program of a transformation sequenge PR, are partitioned into the set
Pred e,y Of Nnewpredicatesand the set Prggl of old predicates New predicates are
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the oneswhicheitheroccur in the head of exactbne clause of Pand notkelsewhere
in Py or they are in the head of clauses introduced by applying the T&S-definitéon
(see below).

The distinction between neand old predicates could be generalized in a way
similar to the one presented in [Tamaki-Sato 86], where the set of predicates of the
initial program is partitioned into an arbitrary number of levels so thdettetof a
predicatesymbol in the body of a clause is not greater thalettet ofthe head of the
clause.

R15. T&S-definition. Given a transformation sequencg.R, B, we may get a new
program R 4, by adding to programPa clause H- Body such that:

1) the predicate of H does not occur {.P, A, and

2) Body is made out of literals with old predicates occurringyin PH;.

Notice thatdue to T&S-folding steps a newedicatemay occur in the body of a
clause whose head has an old predicate.

In order to describe some conditions which ensure the total correctrie&Sof
folding (see Theorem 8 below) we need to take into account whether or atotran
has beemgenerated by unfolding during a transformation sequencenidtigates the
introduction of the following notion which we describe in the case of normal programs
because we need to use it also later in Section 3.3.

DEFINITION 7. (Fold-allowing Occurrences otiterals) Let R,..., B, be a
transformation sequence of normal programs constructed by usiiodinéng rules:
unfolding, T&S-folding, T&S-definition, definitioelimination,and boolean ruleghat
is, R8, ..., R12). Let D be a clause ivth 0<i<n.
Case i = 0 An occurrence of a literal L ibd(D) isfold-allowingiff L is positive
and hd(D) has an old predicate.
Case O<isn.
1) For each clause C iy ®hich is notinvolved inthe derivationfrom B_; to R,
eachliteral of bd(C) in R is fold-allowingiff so is the saméteral of bd(C) in
P_,.
2) Slug)pose that D has bederived byunfolding a clause C in P; w.rt. a
positive literal AThus, C and D are of the form: H By,..., B, A, Bg41,---,
By and (H — By,..., By, bd(E), B(44,..., Byy8, respectivelywhere E is a
clause such that hd(E) imifiable with Avia amost general unifieg. In D the
literals occurring in bd(E)arefold-allowing and for r =1,..., mtheliteral B,6
is fold-allowingiff so is By in bd(C).
3) Suppose that D has begerived byT&S-foldingC in B_;. Thus, C and D are
of the form: H — By,..., By, bd(Ep, By 41,.... Bjyand H — By,..., By, hd(E}p,
Bk +1---» By respectivelyfor a clause E and a substitutienin bd(D) the
literal hd(Ep is fold-allowingand for r =1,..., mtheliteral B, is fold-allowing
iff so is By in bd(C).
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4) Suppose thatD has begerived byapplying the T&S-definition rule. Then no
literal in bd(D) isfold-allowing

5) Suppose that D has bedgrived byapplying rule R8 (goal rearrangement) to C
in Pi_;. Thus, C and D are of the form: HBy,..., By_4, Bk, By 41, Bg+2:- -+
Bm anq H- Bl Bk__l, By +1 Bk; B|_(+2,..:, Bm_, respectivelyFor r =1,...,
m the literal B in bd(D) isfold-allowingiff so is By in bd(C).

6) Suppose that D has bederived by applying rule R9 (deletion diiplicate
goals) to C in P4. Thus, C and D are of the form: H By,..., By, L, L,
Bk+1:--» Bmand H < By,..., By, L, Bkyq,..., By respectively. Irbd(D) the
literal L isfold-allowing iff so is atleast one occurrence of L in bd(&)r r =
1,..., mthe literal Bin bd(D) isfold-allowingiff so is By in bd(C).

7) Suppose thatjPhas beerlerivedfrom F_; by applying rule R1({clause
rearrangement). Thus, thaye of the form: ..., ¢ C,, ... and ..., G, Cy, ...,
respectivelyFor j=1,2 eacHiteral occurring in bd((p in B is fold-allowingiff
so is the same literal occurring in bgX@ P_;. n

One can easily show thatheritedliterals defined in [Seki 91] arexactly the
literals which are not fold-allowing according to the above Definition 7.

THEOREM 8. [Tamaki-Sat84] (Correctness of T&S-folding w.r&em) LetR,...,

P, be a transformation sequence of definite programs, constructedibyg the
following transformation rules: unfolding, T&S-folding, T&S-definitiaefinition
elimination,and boolean rules. Suppose that no T&S-folding step is performed after a
definition eliminatiorstep. Suppose also that we apply T&S-folding to a clause C
using a clause D only if i) hd(D) has a npmedicateand ii) either hd(C) has an old
predicate oat least onetom in bd(C) igold-allowing. Then B, ..., P is correct w.r.t.

the semantics S "

The hypothesis that no T&S-folding step is performed after a defirilimmation
step is needed fweventhat a T&S-folding step is applied using a clawsth ahead
predicatewhose definitiorhas beereliminated.This point isillustrated by the
following example.

Example 10Let us consider the transformation sequence:

p-d p - falil g -

pP-q p - fail g - newp — q (by T&S-definition)
p-q p - fail g - (by definition elimination)
p - newp p- falil g - (by T&S-folding)

According to our definitions newp is a new predicatad p is an old ond&hus,
hypotheses i) and ii) of Theorem 8 above are fulfilldowever,the transformation
sequence is not correct w.r.t. Sgm "

Notice that when we T&S-fold clause C w.r.t. a sequence of atoms in bd(C), no
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atom in that sequence is required to be fold-allowing.

The above theorem can lused to show the correctness of tfansformation
process presented in Section 2, whaererage ishe only newpredicate. Unfortunately,
Theorem 8 does not ensure the correctnesstainsformation sequence where we
allow general Sepreversiblegoal replacemensteps.However, wemay construct
transformation sequences containing both $eeversiblegoalreplacemensteps and
folding stepswhich are not instances of R13, byncatenating several transformation
sequences, each of them being proved correct either by Theorem 6 or by Theorem 8.

The reader may find in [Tamaki-Sato 84, Tamaki-Sato 86, Gardner-Shepherdson 91]
some other restrictddrms of the folding and goatplacementules which areorrect
w.r.t. Semy.

3.2.2 COMPUTED ANSWER SUBSTITUTIONS

We now consider the semantics functi®@m based on the notion adt
answersubstitutiongLloyd 87]. It captures the@rocedural behaviour odefinite
programs more accurately than it is done by the least Herbrand model semantics.

Two substitutiong ande are said to bequal modulo renaminif there exists a
renaming substitutiom such that) is equal to the restriction éfp to the domain oé.
In what follows we will always consider substitutions modulo renaming.

The computed answer substitution semantics is a functio SeRrograms«
Queries- (D,<), where Programs is the setduffinite programs, Queries is tbet of
atomic queriesand (Dg) is the powerset of the set of all substitutiémodulo
renaming) ordered by set inclusion. Begfinition, we havéhat Serga(P, - A) = {6 |
there exists an SLD-refutation of Awith computed answer substitutieh

By soundness amtbmpleteness of SLD-resolution, we have thatethévalence
w.r.t. Senga implies theequivalence w.t. Seny. However,the converse is natue.
For instance, consider the following two programs:

Py p@) —
Py p(X) - p(a) -

We have that Pand B have the same least Herbrand model {p(&)pwever,

Senta(Pr - p(X)) = {{X/a}}, while Senga(P2, ~ p(X)) = {{}.{X/a}}, where {} is
theidentity substitution.

Various researchelaveaddressed the problem of proving the correctnessrog
transformation rules w.r.t. Seyp [Kawamura-Kanamori 90, Bossi-Cocco 8@ssi et
al. 92b]. It can easily be shown that ruRf...,R12 preserve the Segp semantics
with the exception of rule R9 (deletion of duplicate goats) rule R11 (deletion of
subsumed clauses), as it is shown in the following example.

Example 11Let us consider the program:
P11 p(X) - a(X), a(X) q(t(Y.a)) - q(t@.2)) -
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By deleting an occurrence of q(X) in the body of the first clause we get:

P2 p(X) - aX) q(t(Y.a)) - q(t(@,.2)) -
The substitutiofX/t(a,a)} belongs to Segn(P1, —« p(X)) and not to Segn (P,

- p(X)).
Let us now consider the program:

P: p(X) - p(a) -

The clause p(a) is subsumed by p(X)-. However, if wedeletep(a) —~ the Sergp
semantics is ngireservedpecause {X/a} is no longer a computed answer substitution
for the query- p(X). m

There are particularases where thaeletion of duplicatgoals and thdeletion of
subsumed clauses are correct w.r.t. §ghand indeed the following two rules are
correct w.r.t. Se@a.

R16. Deletion of Duplicate Ground GoalsWe get program |P,, from progran
Pk by replacing @round goal G,G in a clause gf Bsing theeplacement law G,G
=G.

This rule is an instance of the Sggareversible goal replacement rule.

R17. Deletion of Duplicate ClausesWe get program [P,; by replacing t
sequence of clauses <C, C> in progrgnb® <C>.

For thecorrectness of a transformation sequence.w8eng, we have the
following results, corresponding to Theorems 6 and 8, respectively.

THEOREM 9. Let B,..., B, be a transformation sequence of defimtegrams,
constructed by using tHellowing transformation rules: unfoldinggversible folding,
definition introduction, definition elimination, reversibdmal replacemenR14 (in
particularrules R8 and R16), and clausplacement R{in particular,rules R10R12,
and R17). Then@..., B, is correct w.r.t. Sega. n

THEOREM 10.[Kawamura-Kanamori 90, Bossi-Coc®8]. (Correctness of T&S-
folding w.r.t.Senyp) LetR,..., P, be a transformation sequence constructed by using
the following transformation rules: unfolding, T&S-folding, T&S-definitidefinition
elimination, goal rearrangementgeletion of duplicate ground goals,clause
rearrangement, deletion of duplicate clauaesideletion of clauses with finitefgiled

body. Suppose that no T&S-folding step is performed after a defieitromation

step. Suppose also that we apply T&S-folding to a clause C using a clause D only if i)
hd(D) has a newredicateand ii) either hd(C) has an ghdedicate oat least oneatom

in bd(C) is fold-allowing. Thend..., B, is correct w.r.t. the semantics Sem L]
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3.2.3 FINITE RAILURE

In Theorems 6, 8, 9, and 10 haveshown that theetof theatomic consequences of a
program and theetof answer substitutions that are computed by a program are
preserved by a number of transformatidiewever,the use of the rules according to
the hypotheses of Theorem 8 may transform a finitely failing program into an
infinitely failing one (and viceversa), as shown by the following example.

Example 12Let us consider the transformation sequence, where p is the only new
predicate:

Po:  p(X) - a(X), 1(X)  q(@~-  r(b) - r(b)

P: p(b) - a(b),rb)  q(@- r(b) - r(b)
(by unfolding the first clause w.r.t. r(X))

P2 p(b) — p(b) q@-  r(b) - r(b)
(by T&S-folding the first clause).

This transformation sequence satisfies the conditions stated in Theortaum &,
finitely fails for the query- p(b), while B does not. ]

In order to reason about th@weservation of finite failureluring program
transformation we now consider the semarfticstion Sergg from Programs«
Queries to (), where Programs is the setd#finite programs, Queries is thet of
atomic queries, and (B), is the powerset of the set of (possibly not growatdins
ordered by set inclusion. Byefinition, Seng (P, - A) = {B | B is an instance of A
and there exists a finitely failed SLD-tree for P an@}.

As a result of soundness acaimpleteness of (fair) SLD-resolution w.fihite
failure [LIoyd 87], we easily get the partial correctnesswftransformation rules R1,
R4, ..., R14 w.rt. Sep. (Example 10 shows that rules R2 and R3, togethter
definition elimination,are notpartially correct w.t. Sengg.) Thus, similarly to the
cases of Semand Serg, we have the following result, basically due to [Maher 87].

THEOREM 11. Let ..., B, be a transformation sequence of defipitegrams,
constructed by using the transformation rule¥olding, reversible folding, definition
introduction, definitiorelimination, reversiblgoal replacementin particularrules R8
and R9), and claugeplacementin particularrules R10, R11, and R12). Thep,.R,
Pp, is correct w.r.t. Sepy. .

If we allowfolding stepavhich are noteversible foldings, ilmay be the case thata
folding step affects the fairness 8LD-derivations, because as wil showbelow, it
imposes a ‘synchronizeéVvaluation of esequence of atoms. Thus, givepragram
P, and a query Q, by applying folding stepisich are noteversible, wenay derive a
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program B such that a faiSLD-derivatiorfor Q using B encodesan unfair SLD-
derivation for Q using P

Let us considefpr instanceprogram R of Example 12and theinfinite sequence
of goals:— p(b), - p(b),... , which describes the SLD-derivatimn the program P
and thequery — p(b). Since the folding step which producegffPom P; replaces
‘q(b), r(b)’ by ‘p(b)’, this derivationcan beviewed as arencoding of the unfair SLD-
derivation for R:

- p®), -qb)rb), - q0) rb),

which is obtained by selecting for SLD-resolution always the atom r(b).

The following Theorem 12 is modification of Theorem 8lts proof is based on
the fact that unfair SLD-derivations cannot be introduced itoms replacedin a
folding step have previouslypeerderived byunfolding. This condition is ndtilfilled
by the folding step shown iExample 12 because in thmdy of the clause
p(b) — q(b), r(b) in R the atom g(b) hasot beenderived by unfolding, or ithe sense
of Definition 7, q(b) is not fold-allowing.

THEOREM 12. [Seki 91].Gorrectness of T&S-folding w.r&enyp) Let R,..., P,

be a transformation sequence of definite programs, constructesitigythefollowing

transformation rules: unfolding, T&S-folding, T&S-definition, definitielmination,
and boolean rules. Suppose that no T&S-folding step is performed dfténition
eliminationstep. Suppose also that we apply T&S-folding to a clause C usiagsa
D only if i) hd(D) has a nepredicateand ii) either hd(C) has an ofaiedicate oall

atoms of bd(C) w.r.which T&S-foldingsteps ar@erformed, are fold-allowin@:hen
Po,..., P is correct w.r.t. the semantics Sgm n

3.2.4 PURE PROLOG

In this section we consider the case where a definite progranaigatedising a
Prologevaluatorlts control strategy can be described as follows. The SLD-tree for a
given program and a given query, is constructed by usinggthto-rightrule for
selecting the atom w.r.t. which SLD-resolution should be applied in a given goal. In
this SLD-tree, thesons of agivengoal are ordered from left to right according to the
order of the clauses used fperforming the corresponding SLD-resolutistep.
Thus, wehave arordered SLD-tree which igsited in adepth-firstmannerThe use of
the Prolog control strategy has twonsequences: i) the answer substitutions are
generated in a fixed ord@gssiblywith repetitionsand ii) there may be sora@swer
substitutions which cannot be obtained in a finite number of computtéps,
because in the depth-firgsit they aréafter’ branches of infinite length. Therefore the
completeness of SLD-resolution is lost.

We will define a semantics function Sgpog by taking into consideration the
generatiororder, the multiplicity, and the finite timecomputability of the answer
substitutions. Thugiven aprogram P and a query Q, we consider the ordered SLD-
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tree T constructed as specified abdves left-to-right ordering of the brotheodes in
T determines the left-to-right ordering of the branches and leaves.

If T is finite then SerpoofP.Q) is the sequence of tlmputedanswer
substitutions (modulo renaming) corresponding to the non-failed leaves of T in the
left-to-right order.

If T is infinite we consider a (possibly infinite) sequence F of companedier
substitutions (moduleenaming)each substitution being associated with a leaf of T. F
is obtained by visitinfrom left to right the non-faileldaves whiclare on branches to
the left of the leftmost infinite branch. There are two castreerF is infinite, inwhich
case Semyolod P.Q) is For F is finite in which case SespyodP.Q) is F followed by
the symbolD, which is called theindefinedsubstitution. All substitutiondifferent
from O are said to bdefined

Thus, Serpyo|ogis defined as a function from Program@Queries to (), where
Programs and Queries are the setsdefinite programsand atomic queries,
respectively. (DBs) is the set SubstSeq of finite amfinite sequences odflefined
substitutions, and finite sequences of defined substitutidiosved by theundefined
substitutiortl. Similar approaches to the semantics of Prolog can be found in [Jones-
Mycroft 84, Debray-Mishra 88, Deville 90, Baudinet 92]).

The sequence consisting of the substitut@ns,, ... is denoted by6g, 65, ...>,
and theconcatenation afvo sequences;@and S in SubstSeq is denoted by & S,
and it is defined as the usual monoidahcatenation of finite or infiniteequences,
with the extra property:E>@ S = <0>.

Example 13Consider the following three programs:

Py: p(@) p(b) - p(a) -
Py: p@) - P(X) ~ p(X) p(b) -
P3: p@) - p(b) — p(b) p(a)-

We have that;

Senprolod P1 — P(X)) = <{X/a}, {X/b}, {X/a}>,
Senprolod P2 — P(X)) = <{X/a}, {X/a}, ... >, and

Senprolod P3: — P(X)) = <{X/a}, 0>. =

The order<s over SubstSeq expresseseas defined than or equal telation
between sequences which can be introduced as folkavsany twosequences of
substitutions $and S, the relation $< S, holds iffeitherS; = S, or S; = S3 @ <0>
and $ = S3 @ Sy, for some §and § in SubstSeq. Fonstance, 8> < S, for any
(possibly empty) sequence S, and for all substitutigns,, n3 with n1Z0 andny#0,
<1, 0>< <01,n2,n3>. The sequenceg £ and K1, ny> are notcomparable w.t. the
orders.

Unfortunatelymost transformation rules presented in the previous sections are not
even partially correct wtr Senpyo|oq INdeed, it ieasy to see that tlgplication of a
boolean rule may affect the order, or theltiplicity, or the finite timecomputability of
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the computed answer substitutions.
An unfolding step may affect the order of the computed answer substitutions as
well as the termination of a program, as it is shown by the following examples.

Example 14By unfolding w.r.t. r(Y) the first clause of the following program:
Po: POX.Y) — a(X), r(Y) q@- ab)- r@- r(b)

we get:
Pi: p(Xa) - qX) pXb)-qX) a@- ab- r@- r(b)

The order of the computed answer substitutions is changed. Indeed, we have that:
SenprolodPos — PXY)) = <{X/a,Y/a}, {X/a,Y/b}, {X/b,Y/a}, {X/b,Y/b}>,

and
SenprolodP1 ~ POXY)) = <{X/a,Y/a}, {X/b,Y/a}, {X/a,Y/b}, {X/b,Y/b}>.

Example 15By unfolding w.r.t. r the first clause of the following program:

Po: p-ar q- q-g r  fail r.
we get:
Py p - q,fail p-q q- qg-g r — fail ro

P, is less definedhan R. Indeed, we have that:

SenpbrolodPo - P) =<{+ {}, ... >, and
Senprolod P1, — P) = <T>. u

Example 16By unfolding w.r.t. r(X) the first clause of the following program:
Po: P - a(X), r(X) q@) - a@  r(b)-

we get:
Pi: p-aq(b) q@-q@  rb)-

P, is moredefinedthan R. Indeed, we have that:

SenmprolodPor - P) =<0>,  and
SenprolodP1, — P) = <>. u

We alschavethat the use of the folding rule does not alwagserve Sepjg|og IN
order to overcomethis inconvenienceseveral researchers have propossstricted
versions of the unfolding and folding rules [Proietti-Pettorossi 91a, Sah]inThe
following rulesR18 and R19 are two instances of the unfolding rule which can be
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shown to be totally correct w.r.t. Sppgjog

R18. Leftmost Unfolding. A leftmost unfoldingstep of clause C consists of an
unfolding step of C w.r.t. the leftmost atom of its body.

R19. Deterministic Non-left-propagatingUnfolding. The unfolding of a clause H
- F A, G w.rt. the atom A isleterministic non-left-propagatingf i) there exists
exactlyone clause D such that Aimifiable withhd(D) via amost general unifies,
and ii) H - F is a variant of (H- F)e.

Also the definitionintroduction, definitiorelimination,and clauseeplacement rules
are totally correct wir Senprgoq We havehat the goateplacementule is partially
correct w.it. Senpyojoq and so is the T&S-folding rule if wadlowthe use otlauses
of the current program only. Thus, we can state a result which is analogous to
Theorems 6, 9, and 1@r Seny, Seng, and Serpg, respectively.

THEOREM 13. Let B,..., B, be a transformation sequence of defipitegrams,
constructed by using the transformation rules: leftmost unfoldietgyministic non-
left-propagating unfolding, T&S-folding, definition introductiodefinition

elimination, reversiblgoal replacemenfaind clauseeplacementSuppose thatach
T&S-folding is an instance of theversible foldingule R13. Then R..., B, is

correct W.r.t. Se@o|og "

For the case of T&S-foldinghich is not an instance oéversible folding, whave
the following result which is analogous to Theorems 8, 10, and 12, and it is based on
the fact that ampplication ofthe leftmost unfolding rule is ‘a step forward in the
computation’ using the left-to-right computation rule.

THEOREM 14. [Proietti-PettorossBla] (Correctness of T&S-folding w.r.t.
Semam,oa Let R,..., P, be a transformation sequence of defimptegrams,
constructed byusing the following transformatiorrules: leftmostunfolding,
deterministic non-left-propagating unfolding, T&S-foldingand T&S-definition.
Suppose that no T&S-folding step is performed after a defingiamnation step.
Suppose also that we apply T&S-folding to a clause C using a clause D only if i)
hd(D) has a nepredicateand ii) either hd(C) has an ghdedicate or théeftmostatom

of bd(C) is fold-allowing. Theng..., B, is correct w.r.t. the semantics Sg@og =

The following example shows that in Theorem 14 we cannot rephackeftmost
atom’ by ‘an atom’.

Example 17Let us consider the following initial program:
Po: P - q(X) r(X) q(X) - fail r(X) - r(x)
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We have that: i) p is a new predicated q, r, and fail are oldredicatesand i

occurrences of q(X) and r(X) in the first clause arefaolat-allowing. By determini
non-left-propagating unfolding of p- g(X), r(X) w.r.t. r(X), we get thdollowin:

program which is equal toyP

Pq: p - q(X), r(X) a(x) - fall r(X) « r(X)

Now, the occurrence of r(X) in the first clausefadd-allowing. If wefold thefirst
clause of R using that same clause, we get:

Py p-p g(X) - fall r(X) < r(X)
P, is not equivalent tow.r.t. Senpgog INdeed, we have that:

SenprolodPor - P) = <>, and
Senprolod P2, « P) = <T>. =

In this paper we have considered only the casguod Prolog, where the SLD-
resolution steps have no side-effects. Properties preserved by unfold/foldhretes
transforming Prolog programs witkide-effects, including cutgan be found in
[Deville 90, Sahlin 91, Prestwich 93a].

3.3 SEMANTICS PRESERVINGTRANSFORMATIONS FOR NORMAL
PROGRAMS

In this section we consider the case where the bodies of the clauses negdtve
literals. There is a large number of papers dealittytransformations whicpreserve
the various semantics whittavebeen proposed for logic programéh negation. In
particular,some restrictetbrms of unfolding and folding have been shown to be
correctw.r.t. variousemanticssuch as the success set &nie failure sesemantics
[Gardner-Shepherdson 91, Seki 91, Shepherdson 92], Clark’s comjGiaimer-
Shepherdson 91, Shepherdson 92], Fittiragisl Kunen'sthree-value@xtensions of
Clark’'s completion [Fitting 85Kunen 87, Bossi et al. 92a, Sato 92], perfeatiel
semantics [Przymusinsky 87, Maher 89, Seki 91], stable model senj&ifosd-
Lifschitz 88, Maher 90]and well-founded model semantics [Van Gelderakt88,
Maher 90, Seki 93]. Fdimitations of space, we will reponere only on theesults
concerning the following three semantics [Lloyd 87FuEcesset, ii) finite failureset,
and iii) Clark’s completion.

The success set semantics for normal programs, denotgg 8eanfunction from
Programs Queries to (Bs), where Programs is the set of normal programs, Queries
is the set of atomiqueriesand (Dg) is the powerset of the set of (possibly not
ground) atoms ordered by set inclusion.d&finition we haveéhat Semg (P, - A) =
{B | B is an instance of A and there exists an SLDNF-refutation for R-aHl

The finite failure semantid®r normalprograms, denoted Sefn has thesame
domain and codomain of Sepg By definition we haveéhat Serg(P, - A) ={B | B
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is an instance of A and there exists a finitely failed SLDNF-tree for R-aBH

For the correctness ofti@nsformation sequence w.r.t. Sggand Sergg there are
results which are analogous to Theoremlfideed, the statement of that theorem is
valid if we replace ‘definite programs’ by ‘stratified normal programsd we
consider any of the two semantics Sgjor Sengg [Seki 91].

Notice also that the hypotheses for the version of Theorem 12 for normal programs
and Sergg are morerestrictivethan the hypotheses of Theorenfd@ definite
programs and Seg This is due to the fact that in orderteserve thsuccess set of
normal programs, we may need to preserve their finite fasketeasvell, because the
evaluation of positive goals may require the evaluation of negative goals.

Now we consider a definition of the semantics function based arothgetion of
a normal program. This function is from ProgramfQueries to (Dx), where
Programs is the set of normal programs, Queries is the atetoic queriesand (Ds)
is the powerset of the set of (possibly not ground) atoms ordered by set inclusion. By
definition we havehat SergodP, ~ A) = {B | B is an instance of the atom Aand the
universal closure of B is a logical consequencéhefcompletionComp(P) of the
program P}.

The partial correctness of the unfoldiagd folding rules can easily betablished,
as illustrated by the following example.

Example 18Let us consider the program:

Po: p-q,-r q- st Vet S . U«
g-s,u Ve u

whose completion is:
Comp(R): p-gir Qo (SH)O(Su) vetOu s u  =r -t
By unfolding the first clause ofRv.r.t. q we get:

Pi: pest-r q- s, t Vet S U«
p-s,u,-r g- s,u Ve u

whose completion is:
Comp(R): p - (SOtCHN)(SUCHr) Qo (SA)O(stu) vetu s u =r =t

Comp(R) can be obtained by replacing q in-pqd-r of Comp(R) by (s) O (sdu)
and then applying thdistributiveand associativéaws. Since g- (stt) O (sdu) holds
in Comp(Ry), we have that Comp{Pis a logical consequence of Comg\P

From R by folding the definition of p using the definition of v ip #&self, we get:

Py pe-sv-r g- S, t Vet S . U
g-s,u Ve

whose completion is:
Comp(R): p-sOvd-r (o (sH)O(su) votou s u -—r -t
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Comp(R) can be obtained from Compg(Pby first using thessociativegommutative,
anddistributivelaws forreplacing the formula p (sttd-r) O (sDuc=r) by p- (t0u)
0 (s+r), and then replacingttu by v. Since v.. t O u holds in Comp(P, we have
that Comp(B) is a logical consequence of Comp(P =

In general, if rogram B 14 can be obtained from a programpBy folding steps
whichuse clauses injPonly or by unfolding steps, then Comp(p) can beobtained
from Comp(F) by one or moreeplacements of a formula F by a formula@hthat
F - G is a logical consequence @omp(R,). Thus,Comp(R,4) is a logical
consequence of CompyP

Asimilar statemerttolds if B, can be obtained from,Foy applying thegoal
replacementule or the clausesplacementule. Thus, we have the followingsult,
analogous to Theorem 3 for Sgm

THEOREM 15. Partial Correctness of Transformations w.Bemgqmp LetR,...,
Py, be a transformation sequence constructeddiyg the ruleR1,..., R3,R5,...,
R12, R15. Suppose that each folding step is performed by using clausesumehe
program only. Then..., B, is partially correct w.rt. the semantics Sgimp ]

Unfortunately, the unfolding rule isot totally correct w.t. Sengompas shown by
the following example adapted from [Maher 89].

Example 19Let us consider the program:

Po:  p(X) — a(X) P(X) — ~q(succ(X)) q(X)~ q(succ(X))
whose completion is (equivalent to):

Comp(R): DX (p(X) - a(X) D-q(succ(X)))  OX(q(X) - q(succ(X)))
together with the axioms @lark’s Equality Theory (CET) [Lloyd 87, A@0]. CET is
a first order completéand hencealecidable) equality theory which axiomatizes the
identity relation on the Herbrand universe. By self-unfolding of the last claugg of P
we get:

Pi: p(X) ~ q(X) P(X) ~ —q(succ(X)) q(X)~ q(succ(succ(X)))
whose completion is (equivalent to):
Comp(R): DX (P(X) - q(X) 0-q(succ(X)))  OX (a(X) - g(succ(succ(X))))

together with the axioms of CET.

We have that’X p(X) is a logical consequence of Comg(POn the othehand,
OX p(X) is not alogical consequence domp(R). Indeed, let us consider the
interpretation Whose universe is treet ofintegersp(x) holds iff g(x) holds iff x is
an even integeand succ is the successor function. | is a model of Cojhpdiile it is
not a model ofIX p(X). "
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We may restrict the use of the unfolding rule so to maketatly correct w.r.t.
Sentomp by requiring that during a transformation sequencsetieunfoldingsteps
are performed, that is, we never unfold a clause using itself (and possibly other ones).
Indeed, if program Pis derivedrom program g by performing an unfolding step
which is not aself-unfolding, then the transformation sequengery is reversible
(w.r.t. any set of rules including R1 and R13), because we may,dstrR P; by
reversibldolding (rule R13). Thus, by Theorems 5 and 15haweethat the unfolding
rule is totally correct w.r.t. Segamp
As a consequence, we hakie following result where byeversibleunfoldingwe
mean an unfolding step which is not a self-unfolding.

THEOREM 16. Let B,..., P, be a transformation sequence constructed by using the
transformationrules: reversible unfolding, reversible folding,&S-definition,
definitionelimination, reversiblgoalreplacemengnd clauseeplacemeniThen R,...,

Py is correct w.rt. Se@pmp n

We end this section by showing, throughthe following example
hypotheses of Theorem 12 are not sufficient to ensure the correctneéss of
W.I.L. SemComp

Example 20Let us consider the following transformation sequence:

P P-4 Q-q r-p r--q
Pi: p-g q-q r-p r--q (byreversible unfolding of p q)
P p-p d-g¢ r-p r-q (byT&S-folding p- Q).
By Theorem 12 pand B areequivalent w.t. Sengg. Let us now consider the
completions of fand B, respectively:

Comp(R): p-d Q-0 r-pO-q

Comp(R): p-p Qg-q r-pO-q.
We havehatr is a logical consequence of Comp)(®n thecontrary, r inot alogical
consequence of Comp{P Indeed, thenterpretation where p is false, q is traed r is
false is a model of CompgR but not of r. "

It should be noted that in tledove Exampl@0, Ry is equivalent to Pw.r.t. other
two-valued or three-valued semantite normal programs such as tlaready
mentioned Fitting’sand Kunen's extensions &lark’'s completion, perfechodel,
stable modeland well-foundedmodel semanticsThe reader may findiarious
correctness results of T&S-folding w.r.t. these semanticsin [Sato 92, Sexeld1,
93].

4. STRA'EGIES FOR TRANSFORMING LOGIC PROGRAMS
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The transformation proceshould be directed by sommetarules, which weall
strategiesbecause, as we have seen in the previous section, the transforoiasion
have inversesnd thus, they allovor final programs which are equal to timéial
ones. Obviously, we are not interested in such useless transformations.

In this section we present amerview ofsome transformation strategies whiztve
been proposed in thigerature.They are used, iparticularfor solving one of thenost
crucial problems of the transformatiorethodology, that ishe use of theéefinition
rule for the introduction of the so-calledreka predicates

The reader may refer to [Feather 87, Partsctb@gille 90, Pettorossi-Proietti 93]
for a treatment of transformation strategies for functional and logic programs.

For simplicity reasons, wenly consider the case définite programs with theast
Herbrand model semantics SgnWe will use in our examples tHellowing rules,
whose correctness w.r Seny is ensured when they are usadcording to the
hypotheses of Theorems 6 and 8: unfolding (R1), T&S-folding (R3), T&S-definition
(R15), definition elimination (R5), reversibigal replacement (R14and boolean
rules (R8, R9, R10, R11, and R12).

In some examples below wéll construct transformation sequences by ubith
T&S-folding andreversiblegoal replacementot according to the hypotheses of
Theorems 6 and 8. In theseampleshoweverthe correctness w.r.t. Sgpeontinues
to hold, as the reader may check by referring to [Tamaki-Sato 84, Tamaki-Sato 86].

In order to simplify oumpresentation we will usually avoid to mention tlee of
rule R8 (goal rearrangement) and rule R9 (deletion of duplicate goals).

If we allowthe use of boolean rules then ttumcatenation ofequences diterals
and theconcatenation of sequences dhuses areassociative, commutative, and
idempotent. Therefore, ithat case, when dealing witlollections of literals or
programs, wavill feel free to useet-theoretic notationsuch as {...} and], instead
of <...> and@.

Before presenting thiezchnical details ofhe transformation strategies weuld
like to give aninformal explanation of the main ideas which justify thuse. We are
given an initialprogram and wevant to apply the transformationles toimprove its
efficiency. Inorder to do so, we usually needoeeliminary analysis othe initial
program by which we discover that #naluation of a goakay A,..., Ay, in the body
of a program clause, is inefficient because it evokes some redundant computations.

For example, by analyzinthe initial program B given in Section 2, we may
discover that thevaluation ofthe conjunction of atoms ‘length(L,N), sumlist(L,S)" in
the body of the clause:

1. average(L,A)- length(L,N), sumlist(L,S), div(S,N,A)

is inefficient because it determines a double traversal of the list L.
In order to improve the performance of progragy We can apply theechnique
which consists in introducing a n@redicatesaynewp, bymeans of @lausesay N,
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with body A,..., Ay, This initial transformatiorstep has beeformalized as an
application ofthetupling strategy(see Section 4.1). We then unfold clause N one or
more times, thereby generating some new clauses. This process vaewd®as a
symbolicevaluation of ajuery whichis an instance off A., A,. This unfoldinggives
us the opportunity of improvingur program, becaus&r instance, wenay delete
some clauses with finitely failed body, thasoiding failures at run-time, or we may
delete duplicate atoms, thus avoiding repeated computations, and so on.

With reference to the example of Section 2, we recall that by unfolding clause 1
w.r.t length and sumlist we derived the clauses:

9. newp([],0,0)~
10. newp([H|T],s(N),S1)- length(T,N), sumlist(T,S), sum(H,S,S1)

which avoid multiple traversals of the input list when it is empty.

The efficiencymprovementslue to the unfoldings, can lferatedat eachevel d
recursion and thus, they beconmmputationally significantpnly if we find a
recursivedefinition of newp. In that case the multiple traversals of the input will be
avoidedfor any given list. Thisrecursive definitioncan often beachieved by
performing a folding step using the clause N introduced by tupling.

In our case, by folding we get:

10f. newp([H|T],s(N),S1) newp(T,N,S), sum(H,S,S1)

andindeed, this recursive clause together with clause 9 avoids multiple traversals of
anyinput list.

In some unfortunate cases we may not be able to perform the desiréaldingl
steps andlerive the recursive definition of newp. In those cases weusagome
auxiliary strategies and we may introduce some extra eureka predicatealiohicts
to perform the required folding steps. Two of those auxiliary strategies aophe
absorptionandgeneralizatiorstrategies described in Section 4.1.

In [Darlington 81] the expressiareed for foldings introduced to refer to theed
of performing the final folding steplr improving program efficiencylhis need
plays an important role in the program transformati@thodologyand it can be
regarded as a meta-strategy. It is the fieetblding that often suggests tkaitable
strategy to apply at each step of the derivation.

Need for folding in program transformatiorrédated to similar ideas in the field of
automated theorem proving [Boyer-Moaté] and program synthedBeville-Lau
94], wheranductiveproofs andnductivesynthesis tactics are driven by the need of
applying an inductive hypothesis.

4.1 BASIC TRANSFORMATION STRATEGIES
We now describe some of the basic strategies which have been introduced in the

literaturefor transforming logic programs. They are: tuplitepp absorption, and
generalization.
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The basic ideas underlying these strategies come from the early dapg@im
transformation and they were already present in [Burstall-Darlirgthnrr hetupling
strategy was formally defined in [Pettorossi 77] where it is used for tuptether
different function calls which require common subcomputationssiithe samelata
structure. The naméop absorption’ was introduced in [Proietti-Pettorossi 90], for
indicating a strategy which derives a new predicate definition whealasrecurrently
evaluated irthe program to be transformed. This strategy is presentin various forms in
a number of different transformatitechniquessuch as thebove mentionetipling,
supercompilation [Turchin 86], compiling control [Bruynooghalei89], as well as
various techniquefr partial evaluatiofsee Section 5)Finally, thegeneralization
strategy has its origin in treutomated theorem proving context [Boyer-Moo4g
where itisused tayenerate a new generalized conjecture allowiegpplication of an
inductive hypothesis.

Thetupling,loop absorption, angeneralization strategiegll be used in thigpaper
as building blocks to describe &non-exhaustivehumber of morecomplex
transformation techniques.

For a formaldescription of the strategies and their possitdehanization we now
introduce the notion afinfoldingtree It represents the process of unfoldingj\aen
clause using givenprogram. This notion is alselated to th@ne of symbolidrace
tree of [Bruynooghe et al. 89vhere however,goal replacement imot takeninto
account.

DEFINITION 17. Let P be a program and C a clauseuAfoldingtreefor <RC>is a
(finite or infinite) non-empty labelled tree such that:

i) the root is labelled by the clause C,

i) if M is a node labelled by a clause D then

eitherM has no sons,

or M has n & 1) sondabelled bythe clauses B..., D,, obtained by unfolding D

w.r.t. an atom of its body using P,

or M has one son labelled by a clause obtained by goal replacement frormD.
In an unfolding tree we also have the usual relations of descendan(onatirise)
and ancestor node (or clause).

Given a program P and a clause C, the construction of an unfoldirfgrtrd2C>
is non-deterministic. In particulaturing the process of constructing an unfoldieg
we need to decide whetherrmut a node shouldaveson-nodes, and in case dexide
that son-nodes should be constructedbfplding, we need to choose the atom w.r.t.
which the unfolding step should be performed. These choices ceallzed by using
a function defined as follows.
DEFINITION 18. An unfolding selectiomule (or u-selectiorrule, for short) is a
function that given an unfolding tree and one ofetsestells us whether or not to
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unfold the clause in that leaf and in #firmative case, itells us the atom w.ravhich
that clause should be unfolded. n

DEFINITION 19.Given a clause C of the form HA;,..., Ay, B1,..., By, thelinking
variablesof the sequence of atomg,A., Ay, in C are thevariables invars(A;, ..., Ayy)
n vars(H, B,..., Bp). n

We now formally introduce the tupling, loop absorption, and gene
strategies.

S1.Tupling. Let Ay,..., A,, withn> 1, be some atoms occurring in the body of a
clause C of aiven initialprogram. We introduce a ngwedicate newp defined by a
clause T of the form:

nNewp(Xy,..., Xg) « A1,...,Ap

where X,..., X, are the linkingvariables of A,..., A, in C. We then look for the
recursive definition othe eurekgredicate newp by performirgpme unfolding steps
followed by suitable folding steps using clause T. We finally fold clause C w.r.t. the
atoms A,..., A using clause T. n

The tupling strategy is often applied whep A, A, share someariables. The
programimprovements whiclkean beachieved byusing this strategy are based on the
fact that we need tevaluateonly once the subgoals which are common to the
computations determined by the tupled atoms.A A,. By tupling we can alsavoid
multiple visits of data structures and the construction of intermediate bindings.

S2. Loop Absorption. Suppose thata non-root clause C in an unfolding tree has the
form:H  A4,..., Ap B1...., By, and the body of a descendant D of C contains (as a
subsequence of atoms) an instancg.(A A6 of Ay,..., Ay, for some substitutiog
Suppose also that the clauses in the path from Chavebeen generated applying

no transformation rule, excefdr R8 and R9, to B..., B,. We introduce a new
predicate defined by the following clause A:

newp(Xy,..., Xk) « At,..., Am

where {Xy,..., X} is the minimum subset ofars(Ay,..., Ay) whichis necessary to
fold both C and D using a clause whose bodyis. AA,. (See Point 2 of R3 for the
conditions on {X,..., X} and 6 which should be satisfigfdr allowingfolding.) We

fold clause C using clause Aand we then look fordicarsive definition ofheeureka
predicate newprhis can be done by performing the unfolding steps corresponding to
the ones which lead from clause C to clause D and then folding using clause A again.
|

S3. Generalization.Given a clause C of the form: H Ag,..., Ay, B1,..., By, we
define a new predicate genp by a clause G of the form:

genp(Xq,..., Xi) — GenAy,..., GenAy,
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where (GenA,..., GenAy)e = Ag,..., Ay, for agivensubstitutiors, and {Xy,..., Xy}
is a superset of thariables whickare necessary to fold C using a clause whose body
is GenAy,..., GenAy,. We then fold C using G and we get:

H — genp(X,..., Xk)6, By,..., By
We finally look for the recursive definition of the eureka predicate genp. n

A suitable form of the clause G introduced ggneralizatiortan often bebtaire
by matching clause C agaimste of itsdescendantsay D, in the unfolding tree whi
is considered during program transformation Geample 23 below). Iiparticularw
will consider the case where:

1. D is the clause K- Ejy,...,Ey, F1,...,F, and D has been obtained from C b
applying no transformation rule, except for R8 and R9,ta BB,

E...., Epis not an instance of A.., Ay

the goalGenAy, ..., GenA,, is the most specifigeneralization of A..., A, and
Ey,...., By and

4. {Xyq,..., Xc} is the minimum subset ofvars(GenA,..., GenAy) which is
necessary to fold both C and D using a clause whose body is) GenBenAy,

4.2 TECHNIQUES WHICH USE BASIC TRANSFORMATION STRATEGIES

In this section we will present some technigieesmproving program efficiency by
using the tupling, loop absorption, and generalization strategies.

4.2.1 COMPILING CONTROL

One of the advantages oflogic programmingover conventionalimperative
programming is that by writing a logic programe may separate thegic’ part of an
algorithm from the ‘control’ part [Kowalski9]. By doing so, the correctness of an
algorithm w.r.t. a givespecification is often easier to prove. Obviously anethen
left with the problem of providing an efficient control.

Unfortunatelythe standard top-down, depth-firahdleft-to-right Prologstrategy
for controlling SLD-resolutiordoes not alwaygive usthe desiredevel of efficiency,
because of the amount of non-determinism duringvh&iation of gorogram. Much
work has been done in thdirection of improvinghe control strategy ologic
languages (see, for instance, [Bruynooghe-Pereira 84, Naish 86]).

We consider here a transformation technique,called Compilin
[Bruynooghe et al. 89], which follows a different approach. Instead of enhancing the
naive Prologevaluatorusing a better (and often more complex) constctegy, we
transform thegivenprogram so that théerivedone behavesinder thenaiveevaluator
as the given program would behave under an enhanced evaluator.

The mairadvantage athe Compiling Control technique is that we caerelatively
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simple evaluators which have small and efficient compilers.

The Compiling Control approach can alsddilwed to‘compile’ bottom-up and
mixed evaluation strategig®e Schreye et al. 9Kato-amaki 88] aswvell aslazy
evaluatiomand coroutining [Narain 86]. In this paper we only show the use of the
Compiling Control technique in the case where the control tcchmpiled’ is a
computation rule differerftom the left-to-rightProlog one. In thigase, by applying
Compiling Controlone canimprove generate-and-tgstograms by simulating a
computation rule which selects test predicates as soon as the relevant data are available.

A similar idea has also beeanvestigated inthe area of functiongdrogramming,
within the so-called Filter Promotion strategy [Darlington 81, Bird 84]. Sothmar
transformation techniquder improving generate-and-test logicograms which are
closely related to the Compile Control techniquel the Filter Promotiostrategy, can
be found in [Seki-Furukawa 87, Brough-Hogger 91, Traff-Prestwich 92].

The problem of‘compiling’ a given computationule C can be described as
follows: given a program fand a set Q ofjueries, we want to deriverew program
P> which,for any query in Q, i®quivalentto P w.r.t. Semy and behaves under the
left-to-right computation rule as;Rloes under the rule C [Bruynooghe et al. 89, De
Schreye-Bruynooghe 89].

By ‘equal behaviour wemean that for a query in Q, ti&LD-tree,say T,
constructed by using;Fand thecomputation rule C is equal to the SLD-tresy T,
constructed by using,Rand the left-to-rightomputation rule, if i) wéook at T; and
T, as directed trees witbaves labeled bysuccess’ orfailure’ and arcdabeled by
most general unifiers, and ii) pessiblyreplace non-branching paths of By single
arcs, each of which is labeled by the composition ofrtbset general unifiedgabeling
the corresponding path to be replaced. Thus, when comparing the jtreled T, we
disregard the goals in the nodes.

Basic forms of Compiling Control can fermulated as follows. Given a program
P, a set Q ofjueries,and acomputation rule C, Compiling Control derives the new
program B by first constructing a suitable unfolditrge say T, and then applying the
loop absorption strategy. (Some more complex forms of Compiling Coataire
the use of generalization strategies possibly more powerful than S3.)

Without loss ofgenerality, wassume thaveryquery in Q is of the form- q(...)
and in R there exists only ongdausesay R, whose hegatedicate is q. (Wean use
the T&S-definition rule to comply witthis condition.) The root clause of T is R and
new nodes are generated by using a suitable u-selection rule.

It is required that the unfolding tree T constructed frogn@ and C satisfies the
condition that each SLD-tree generated by a query ursiQg the program4Pand the
computation rule C, is eoncretization tred, which is derived from T as follows.

Let g(...) be unifiable with hd(R) via a substituti@nT, is derived from Thy: i)
deleting each node (and the subtree rooted in that node) whose clause head is not
unifiable with hd(R9, ii) replacingfor eaclremaining node the clause in that node, say
D, by - bd(D)u, whereu is the most general unifier of hd@3nd hd(D), andinally,
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iif) adding the root - q(...)e.

Example 21Let us consider the program:
P1: q(X) - r(X), s(X) r@-  r(X) - tX)  r(X) - u(X)
s(a) s(b) - t(b) — u(a)
An unfolding tree T starting from the clause qX)(X), s(X) is asdepicted irFig. 1,
where(as wewill also do in all figures) wieaveunderlined the atoms whitfave been
selected for unfolding.

Figure 2 shows theoncretizatiortree T, of the tree T for the query q(b) and the
substitutiors = {X/b}. n

a(X) - r(X), s(X)

/\

q(a) - s(2) a(X) - t(X), s(X)  q(X)- u(X), s(X)
N

@~ q@ - t@) q(b) - tb) q(a)- s(@)

a(b) - q(@) -
Figure 1. The unfolding tree T for $Ry(X) ~ r(X), s(X)>.

Notice that in generalhe unfolding tree T may correspond to an infinite set of
concretizatiortrees (because Q may be infinite). Thus, T itself may be an irfizgte
and in this case the Compiling Control technique is applied by loéaingfinite-
graph representation (if any) of T itself. dnr Example 22 belowthisrepresentation
is obtained by identifying any two nodeg ahd N, iff N5 is a descendant off\and
the body of the clause inNs an instance of the body of the clause jn N
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- q(b)

=

b), s(b)

- t(b), s(b) - u(b), s(b)
failure

—

— t(b)
)

Figure 2. The concretization treg f the unfolding tree T for <@ — q(b)>.

This finite-graph representatiavill allow us toapply the loop absorptiostrategy
w.r.t. the clauses corresponding to each paidetified nodesand we will get the
final program, where the given computation rule has been ‘compiled’.

In generalthe construction of the unfolding tree T from gienprogram R, the
set Q ofqueries,and thecomputation rule C can beewed ashe evaluation of an
‘abstract query’ which represents the whole set Q, by using the prograndRhe
rule C. Wewill not give here the formal notion of abstraction which nadlpw us to
effectivelyconstruct the tree T and we refer to [Cousot-Cousot 77] wdiesteact
interpretation techniques are presented.

Example 22(CommonSubsequence&et sequences be represented as lisiteros.

We assume thaubseq(X,Yholds iff X is a subsequence of Y in the sense that X can
be obtained from Y byleletingsome (possibly not contiguous) elemeSigposehat

we want to verify whether or not a sequence X is a common subsequence of the two
sequences Y and Z. The following progr@sub does so by firsterifying that X is a
subsequence of Y, and then by verifying that X is a subsequence of Z.

1. csub(X,Y,2)- subseq(X,Y), subseq(X,2)
2. subseq([],X)-

3. subseq([&,JAIY]) - subseq(X,Y)

4. subseq([AIX],[BY]) ~ subseq([AlX],Y)

where csub(X,)Z) holds iff X is a subsequence which is common to both Y and Z.
Let Q be the set of queries {csub(X,s1,s2)s1 and s2 are ground lists and X is
an unboundrariable}and thecomputation rule C be the following orifethe body of
the clause to be unfoldedssbseq(w,x), subseq(yand w is a proper subterm of y
thenC selects the atom subseq(ielgeC selects the leftmost atom in the body.
We first construct thimfinite unfolding tree T corresponding to Csuba@d C. A
finite-graph representation of T is depictedrig. 3, where dashed arrowsnote
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identifications ofnodes. The tree T has as its root clause 1 which is the only one
whose head unifies with csub(X,s1,s2).

F————=—=—=== > 1. csub(X)Y,Z) subseq(X,Y), subseqX,Zy ~—~-——~—- 1
|
5. csub([],Y,Z2)- subseq([],2) 7. csub([A|X],[B|Y+2) :

subseq([A|X],Y), subseq([A|X],Z)
| 6. csub([A|X],[A|Y],&)

8. csub([].Y.2)- subseq(X,Y), subseq([AXK2)- - - - ——---- :

|

————— 9. csub([A|X],[A]Y][A|Z]) - 10. csub([A[X],[A]Y],[B|Z} :
subseq(X,Y), subseq(X,2) subseq(X,Y), subseq([A|X],Z)

Figure 3. An unfolding tree for <Csub, csub(3Z)- subseq(X,Y), subseq(X,2)>
using the computation rule C.

We leave tdhe reader the task wérifying thatfor everyquery — csub(X,s1,s2)in
Q the SLD-tree rooted in csub(X,s1,s2) and constructed lsing thecomputation
rule C is a concretization tree of T.

Since the body of clause 10 is an instance of the body of clause 6 we ajpthe
absorption strategy. We introduce a eureka predicate newcsub by the following clause:

11. newcsub(A,X,Y,2)- subseq(X,Y), subseq([A|X],Z2)
and we fold clause 6, whereby obtaining:
6f. csub([A[X],[A|Y],Z) - newcsub(A,X,Y,Z).

We alschavethat the body of clause 7 is an instance of the body of clause 1. We
fold clause 7 and we get:

7f. csub([AIX],[BIY],Z) - csub(A[X],Y.2).

We nowhave tdook for therecursive definition othepredicate newcsulstarting
from clause 11, we perform the unfolding steps corresponding to thevbiegead
from clause 6 to clause 9 and 10. We get clauses:

12. newcsub(AX,YA|Z]) - subseq(X,Y), subseq(X,Z)
13. newcsub(AXYB|Z]) - subseq(X,Y), subseq([A|X],Z)

and by folding we get:

12f. newcsub(A,X,Y[A|Z]) -~ csub(X,Y,2)
13f. newcsub(A,X,Y[B|Z]) — newcsub(A,X,YZ).

The final program is made out of clauses: 8, 6f,7f,12f, and 13f.
Letus now compare the SLD-tresay T;, for Csub, a query csub(X,s1,s2)in Q,
and thecomputation rule C, with the SLD-tresgy T, for the finalprogram, the query
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~ csub(X,s1,s2)and the left-to-rightomputation rule. The treeg &nd T, areequal
except that: i) if a node ofTis labeled by a goal of the form:- subseq(...),
subseq(...) then the corresponding node gfisTlabeled by either csub(...) or

— newcsub(...)and ii) some paths of ;Thave been replaced according to the
rewritings shown in Fig. 4 for any unbound variable X and ground lists t1 and t2.

~ csub(X,t1,t2) < csub(X,t1,t2)
| - o
~ subseq([],t2) P
{} |
=]
— subseq(X,t1), subseq(X,t2) ~ csub(X,t1,t2)
o | . {X/nk
~ subseq([],t2) P
{} |
P

Figure 4. Path replacements for the SLD-trge T

4.2.2 COMPOSING PROGRAMS

A popular style ofprogramming, whiclcan be calleccompositionagl consists in
decomposing a given goal in smallard easiesubgoals, then writing pieces of
programs which solve these smaller subgaatgl finally, composingthe various
piecegogether.The compositional style of programming is often helpdulwriting
programs which can easily be understood and proved correct w.r.t. their specifications.
Unfortunatelythis programming style often produdesfficient programsyecause
the compasition of the various subgoals does not take into accourtdmctions
which may occur among thevaluations ofthese subgoals. Fdanstancelet us
consider a logic program with a clause of the form:

p(X) ~ a(X,Y), r(Y)

where in order to solve the goal p(X) we are required to sgkg&)and r(Y). The
binding of thevariable Y isnotexplicitly needed because it does not occur irhthasl
of the clause. If the construction and the destruction of that bindegensive, then
our program is likely to be inefficient.

Similar problems occur when the compositional style of programmiapgpked
for writing programs in other programmingnguages, differerftom logic. In
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imperativdanguages one may constrsetveral procedures which are ttommbined
together by using various kinds s&quential or parallel composition operators. In
functional languageshe small subgoals in which a given goal is decomposed are
solved by means ahdividual functions which are then combined together by using
function application or tupling.

There are various papers in titerature which present techniquies improving
the efficiency of the evaluation ofprograms written according to tltempositional
style of programming. Similarly to the case discussed in Section 4.2 dpprnaaches
havebeerfollowed: 1)theimprovement otheevaluator byusing, forinstance, garbage
collection, memoizatiommnd various forms of laziness androutining,and 2) the
transformation othe given program into semantically equivalerttine which can be
more efficiently evaluated by a non-improved evaluator.

In the imperativeand functionatasesyarious transformatiomethodshavebeen
proposed, such as, farstancefinite differencingPaige-Koenig 82]compositioror
deforestation strategiFeather 82, Wadle#8], andtupling [Pettorossi 77]. (Sealso
[Feather 87, Partsch 90] for a survey.)

For logic programs two main metholdavebeen consideredbop fusion[Debray
88] andunnecessary variablelimination [Proietti-Pettorossi 91b]. The aim tfop
fusion is to transform a program for computingradicate which is defined as the
composition oftwo independent recursive predicategp a program where the
computations corresponding to these two predicates are performed pyedicate
only. The benefits one may expect from loop fusion areatteédance ofmultiple
traversals of data structurand theavoidance othe construction ointermediatelata
structures.

The transformational methoftsr composing logic programs are closedjated to
methodsfor logic program construction [Sterling-Lakhotiad8], wherecomplex
programs are developed by enhancing and composing together simpler programs.

The method presented iProietti-Pettoross®d1b] may be used foderiving
programs without unnecessary variables. A variable X of a clauses@idsto be
unnecessaryf at least one of théllowing two conditions holds: 1) X occunsore
than once in the body of C (in this case we say that Xsmeedvariable), 2) Xdoes
not occur in the head of C (in this case we say that X exetentialvariable). Since
unnecessary variabledten determine multiple traversals adata structures and
construction of intermediat#ata structuresthe results ofunnecessaryariable
elimination are often similar to those of loop fusion.

In the following example we recadbop fusion andunnecessaryariable
elimination in terms of the basic strategies presented in Section 4.1.

Example 23(Minimal LeafReplacemeptSuppose that we agésen abinarytree, say
InTree, whose leaves are labelled by numbers. We want to obtain another tree, say
OutTree, othe same shapeith allits leaves replaced their minimal valueThis can

be done by first computing timeinimalleaf value say Min, ofinTree,and thervisiting

again Intree foreplacing itdeaves byMin. Aprogramwhich realizeshis algorithmis
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as follows:

1. mintree(InTree, OutTree) minleaves(InTree,Min),
replace(Min,InTree,OutTree)

2. minleaves(tip(N),N)-

3. minleaves(tree(L,R),Min)} minleaves(L,MinL), minleaves(R,MinR),
min(MinL,MinR,Min)

4. replace(M,tip(N),tip(M))-

5. replace(Min,tree(InL,InR),tree(OutL,OutR)) replace(Min,InL,OutL),

replace(Min,InR,OutR)
where min(M1,M2,M) holds iff M is the minimum number between M1 and M2.

We would like toderive aprogram which traverses InTree only once. This could be
done by applying the loop fusion method and obtaining a new program where the
computations correspondingtainleavesandreplace are performed lmyne predicate
only. The same result can behieved by eliminatinthe sharedariableswhose
bindings are binary trees, and in particular, the variable InTree in clause 1.

To this aim we may apply the tupling strategy to the predicatekeaves and
replace which share the argument InTree. Since the atoms to be tgsduer
constitute the wholbody of clause 1 defining tieedicate mintree, we dwot need to
introduce a nevpredicateand we only need to look for tiecursive definition of the
predicate mintree. After some unfolding steps, we get:

6. mintree(tip(N),tip(N))-

7. mintree(tree(InL,InR),tree(OutL,OutR))
minleaves(InL,MinL), minleaves(InR,MinR), min(MinL,MinR,Min),
replace(Min,InL,OutL), replace(Min,InR,OutR)

As suggested by the tuplirsfrategy, wemay now look for a fold of thgoal
‘minleaves(InL,MinL),replace(Min,InL,OutL)’ using clause 1.Unfortunately, no
matching is possible because this goal is not an instarogntéaves(InTree,Min),
replace(Min,InTree,OutTree)Thus, we apply theyeneralization strateggnd we
introduce the following clause:

8. genmintree(InTree,M1,M2,0utTree) minleaves(InTree,M1),
replace(M2,InTree,OutTree)

whose body is the most specifjeneralization othe two goals to be folded, that is,
‘minleaves(InL,MinL), replace(Min,InL,OutL)and the body of clause 1. Bglding
clause 1 we get:

1f. mintree(InTree,OutTree} genmintree(InTree,Min,Min,OutTree).

We are now left with the problem of finding thecursive definition othepredicate
genmintree introduced in clause 8. This is an easy task, because we can perform the
unfolding steps corresponding to those leading from clause 1 to clauses 6 and 7, and
then we can use clause 8 for folding. After those steps we géilkheing final
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program:

1f. mintree(InTree,OutTree)} genmintree(InTree,Min,Min,OutTree)

9. genmintree(tip(N),N,M,tip(M))-

10. genmintree(tree(InL,InR),M1,M2,tree(OutL,OutR))
genmintree(InL,ML1,M2,0utL),
genmintree(InR,MR1,M2,0utR), min(ML1,MR1,M1)

This program performs the desired ttemsformation irone visit. Indeed, let us
consider theevaluation of aguery of the form— mintree(t,T)where t is a ground
binary tree and T is an unbourdriable During the visit of the input tree t, the
predicate genmintrdeoth computes thminimalleafvalue M1and replaces tHeaves
using the unboundariableM2. Theinstantiation of M2 tahe minimal leaf value is
performed by the unification of thariables M1and M2 due to clause 1f of ofimal
program.

Notice also that no shara@riablewhose binding is a binary tree occurs in the
clauses defining mintreendgenmintree. Thus, weavebeen successful gliminating
unnecessary variables. n

4.2.3 CHANGING DATAREPRESENTAONS

The choice of appropriate data structures is usually very impéotatite design of
efficient programs. In essence, this is the meaning/iofh’s motto “Algorithms +
Data Structures = Programs” [Wirth 76].

However, it issometimes difficult to identify the data structures wiattbw avery
efficient execution obur algorithms beforactually writing the programs$loreover,
complex data structures may complicate correctness proofs.

Programtransformatiorhas been proposed as maethodologyfor providing
appropriate data structures indgnamicway [Partsch 90, Chapter 8]: first the
programmer writes a preliminary version tfe programimplementing agiven
algorithm using simple data structures, and then he transformsepegsentations
while preserving program semantics and improving efficiency.

An example of transformationalchange of datarepresentations is the
transformation of logic programs whiake lists intequivalenprograms which use
difference-lists Difference-listare data structures which are sometimesd for
implementing algorithmshat manipulate sequences of elemente advantage of
using difference-lists isthat theconcatenation otwo sequencesepresented as
difference-listcan often be performed in constéinte, whilethe concatenation of
standard lists takes linear time w.r.t. the length of the first list.

A difference-listcan be thought of as a pait,R> of lists, denoted by L\R, such
that there exists a third list X for which thencatenation of >and R is L[Clark-
Tarnlund 77]. In that case we say that Xrépresentedy thedifference-listL\R.
Obviously, a single list can be represented by many difference-lists.

Programs that use lists are often simplewrite and understand than tequivalent
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ones which make use diifference-lists. Several (semi)automatiethods for the
transformation of programs whialse lists into programs which ud#éference-lists
have been proposed in thigerature [Hansson-Téarnlun82, Brough-Hogger 87,
Zhang-Grant 88, Marriot-Sgndergaard 93, Proietti-Pettorossi 93b].

The problem of obtaining programs whictedifference-lists, instead of lists, can
be formulated as follows. Lp{X,Y) be apredicate defined in program P where Yis
a list. We want to define the nearedicate diff_p(X,L\R) whictholds iff p(X,Y) holds
and Y is represented by the difference-list L\R.

Let us assume that tltencatenation dists is defined in P by means opiedicate
append(X,YZ) which holds iff theconcatenation of Xand Y is Z. Then, thdesired
transformatiorcan often beachieved by applyinghe T&S-definition rule and
introducing the following definition for the predicate diff_p [Zhang-Grant 88]:

D. diff_p(X,L\R) ~ p(X,Y), append(Y,R,L).

Then wehave tdook for arecursive definition othepredicate diff_p, which should
depend neither on p nor on append.

This can be done, atarified by the followingexample, bystarting from clause D
and performing some unfolding and gogplacemerdteps, based on thssociativity
property of append, followed by folding steps using D.

We can then express p in terms of diff_p by observing that in theHedstand
model of PO {D}, diff_p(X,Y\[]) holds iff p(X,Y) holds. Thus, in outransformed
program the clauses for predicate p can be replaced by the single clause:

E. p(XY) - diff_p(X,Y\]).

Example 24.(List ReversalUsing Difference-list} Let us consider théllowing
program for reversing a list:

1. reverse([],[])-

2. reverse([H|T],R)- reverse(T,R1), append(R1,[H],R)
3. append([],L,L)~

4. append([H|T],L,[H|TL])~ append(IL,TL)

Given a list L of length n, the answer to the queryeverse(L,R) imbtained in O(f)
SLD-resolution steps. Indeefr the evaluation of reverse(L,R)ause 2 isnvoked
n—1 times. Thus, n—1 calls to appendgeeeratecand theevaluation ofeach of those
calls requires O(n) SLD-resolution steps.

Theaboveprogram can bemproved byusing adifference-listfor representing the
second argument oéverseThis ismotivated bythe fact that by clause 2 the kghich
appears as second argumentenferse is constructed by theedicate appendnd as
already mentioned, concatenation of difference-tiatsbe much more efficietitan
concatenation of lists.

We start off by applying the T&S-definition rule and introducing the clause:

D1. diff_rev(X,L\R) — reverse(X,Y), append(Y,R,L).
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The recursive definition of diff_rev can easily be derived as followsuifeld
clause D1 w.t. reverse(X,Y) and we get:

D2. diff rev([],L\R) — append([],R,L)
D3. diff_rev([H|T],L\R) — reverse(T,R1), append(R1,[H],Y), appendRY).

By unfolding, clause D2 is replaced by:
D4. diff_rev([],R\R)

By using the unfold/fold proof method described in SecBidnwe can prove the
validity of the replacement law:

F. append(R1,[H],Y), append®,L) = append(R1,[H|R],L)

w.r.t. Seny and the current program made out of clauses D3, D4, 1, 2, 3, and 4.
Thus, we apply the goal replacement rule to clause D3 and we get:

D5. diff_rev([H|T],L\R) — reverse(T,R1), append(R1,[H|R],L).

Theabovestep is arapplication ofthe reversiblegoal replacementule becaustaw F
is valid also w.r.t. the program we have obtained by this replacement step.
We now fold D5 using D1 and we get:

D6. diff_rev([H|T],L\R) < diff_rev(T, L\H|R])

which, together with clause D4, provides the desired recursive definition of diff_rev.

Notice that this last folding step is application of T&S-foldingand it is not an
instance of theeversibldolding rule (R13). Its correctness is not ensuredigorem
8, because th#ransformation sequence correspondingtiie abovederivation is
constructed by using the gaablacementule. This folding stefhowever, iscorrect
w.r.t. Seny as shown in [Tamaki-Sato 86].

Our final progranwhich usesdifference-lists, is obtained by replacihg clauses
defining reverse by the following single clause (see clause E above):

D7. reverse(X,Y)- diff_rev(X,Y\[]).

The derived program (madmit of clauses D4, D6, and D7) takes Ogi)D-
resolution steps for reversing a list of length n. "

A crucial step in thederivation of programs whichuse difference-list
introduction of the clause of the form:

D. diff p(X,LAR) ~ p(X,Y), append(YR,L)

which defines the eurel@edicataliff p. This eurekaredicatecan also beiewed as
the invention of anaccumulatorvariable, inthe sense of thaccumulatiorstrategy
[Bird 84]. Indeed, as indicated in Example 24 abav¥e third argument of
diff_rev(X,L\R) can beviewed as araccumulatorwhich at each SLD-resoluticstep
stores the result of reversing the list visited so far.

In the following example we show that tim¥ention of accumulator variables can
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be derived by using the basic strategies described in Section 4.1.

Example 25(Inventing Difference-lists by Generalizat)dpet us consider again the
initial program of Exampl@4. We would like taderive a prograrfor list reversal
which doesnot use the appengdredicate. Wecan do so by applying thepling
strategy to clause 2 (because of the shaegidbleR1) andintroducing aeureka
predicate new_rev:

N. new_rev(T,H,R)- reverse(T,R1), append(R1,[H],R).

As suggested by the tuplisgrategy, we thetook for arecursive definition of
new_rev by performing unfoldingnd goalreplacemenstepsfollowed by folding
steps using N. We have tleelditional requirement thdhe recursive definition of
new_rewshould not contain angall to appendThisrequirement can be fulfilled if the
final folding steps are performed w.r.t.canjunction ofthe atoms of thdéorm
‘reverse(...), append(...) and no other calls to append occur in the folded clauses.

The unfolding treegenerated bysome unfolding and goakplacement steps
starting from clause N are depicted in Fig. 5.

N. new_rev(T,H,R)- reverse(T,R1),
append(R1,[H],R)

N1. new_rev([],H,R)- append([],[H,R) N2. new_rev([H1|T1],H,R) reverse(T1,R2),
_— append(R2,[H1],R1),
‘ ‘ append(RL[H],R)

N3. new_rev([],H,[H])~ N4. new_rev([H1|T1],H,R)- reverse(T1,R2),
h append(R2,[H1,H],R)

Figure 5. An unfolding tree for the reverse program.

Let us now consider clause N4 in the unfolding tree of Fig. 5. If we were able to
fold it using the root clause N, we would have obtained the reqecedsive
definition of new_rev. Unfortunately, that foldirejep is not possible because the
argument [H1,H] of the call of append in clause N4 is not an instaré¢d of N
(even if we rename the variables of the clauses).

Since N4 is a descendant of N we are in a situation where we can apply the
generalization strategy. Bgoing so we introduce a new eurgkadicategen_rev
defined by the following clause:

G1. gen_rev(T1,X,R) — reverse(T1,R2), append(R2,[X|Y],R).
where the bd(G1) is the most specific generalization of bd(N) and bd(N1).

The recursive definition of gen_rev canfbeand by replaying theansformation
steps which lead from N to N4 in the unfolding tree. We get the following program:

G2. gen_rev([l,X,Y,[X|Y]) -
G3. gen_rev([H[T],X,Y,R)} gen_rev(TH,[X|Y],R).
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We can then fold clause 2 using G1 and we get:
2f. reverse([H|T],R)- gen_rev(T,H,[],R).

The final program which is made out of clauses 1, 2f, G2, antdS3romputational
behaviour similar tahe programderived in Exampl@4. In particular, the third
argument of gen_rev is used as an accumulator. n

4.3 OVERVIEW OF OTHER TECHNIQUES

In this section we would like to give a brief account of some more techmidpicks
havebeen presented in thigeraturefor improvingthe efficiency of logigprograms by
using transformation methods.

Schematic Transformations

A common feature of the strategies we have described in Setfiois that they
made out of sequences tansformatiorrules which are notpredefined; on
contrary they depend onhe structure of the programsderived during
transformation process. The schema-based approach tprogra
transformation is complementary tioe strategy-based one and it consistprivvid
a catalogue of predefined transformationsmfogram schemata

Aprogram schema is abstractionof a program, whersometerms, conjunction
of literals,and clauses ameplaced by meta-variables. Ifsshema S is aabstraction
of a program P, then we say that P igremtanceof S. Two schematgSand S are
equivalent(w.r.t. a given semantics function Sem) fiéf all thevalues of themeta-
variableshe corresponding instanceg Bnd B are equivalen{w.r.t. Sem). The
transformation of a schema $ito a schema Ss correct (w.r.t. Sem) iff § and $
areequivalent(w.r.t. Sem). Usually, we are interested in a schema transformation if
each instance of theerivedschema is morefficient of the corresponding instance of
the initial one.

Given an initial program £ the schema-based program transformagohnnique
works as follows. We first choose a schemanBich is an abstraction of;Pthen we
choose a transformation of schemail®o schema &in a given catalogue of correct
schema transformatiorend finally weinstantiate $ to get the transformegarogram
Po.
The problem of proving thequivalence oprogram schemateas beemddressed
within various contexts (se&pr instance, [Paterson-Hewitt 70, Walker-Strong 72,
Huet-Lang 78]). Some methodologfes developing logigprograms usingrogram
schematare proposed irfjDeville-Burnay89, Kirschenbaum etal. 89, Fuchs-
Fromherz 92] and some examples of logic program schemsformations can be
found in [Brough-Hogger 87, Seki-Furukawa 87, Brough-Hogger 91].sthema
transformations presented in these papeesuseful forrecursionremoval (see
below) and for reducingondeterminism in generate-and-f@sigrams (se8ection
4.2.1).
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The mainadvantage othe schema-based approach over the strategy-based one is
that theapplication of a schema transformatian be performed in constdime;
however,the choice of a suitable schertransformation inthe catalogue of the
availableones does require some eximae. On the other hand, one of thrawbacks
of the schema-based approach is the space requirements and thatfadben the
program to be transformed is not an instance of any schemadat#theguethen no
action can be performed.

Recursion Removal

Recursion is the main control structure éiaclarativg(functional or logic) programs.
Unfortunately the extensiveuse of recursively defined proceduresay lead to
inefficiency in timeand space. In the case imfiperativeprograms som@rogram

transformation techniques that remove recursion in favour of iterationbeawe
studied, for instance, in [Paterson-Hewitt 70, Walker-Strong 72].

In logic programming languages, where iterativeconstructs arevailable,
recursion removatan be understood as tHerivation of tail-recursivelausegrom
recursive clauses. A definite clause is said todmirsiveiff its headpredicate also
occurs in an atom of its body.rAcursive clause isaid to beail-recursiveiff it is of
the form:

p® - L, p(u)

where L is a conjunction of aton{&or simplicity reasons in presenting this issue we
restrict ourselves to definite programs.) A prograrsail to beail-recursiveff all its
recursive clauses are tail-recursive.

The elimination of recursion in favour of iteration can laehieved inwo steps.
First the given program is transformed intoemuivalent, tail-recursivene, andhen
thederived tail-recursiverogram is executed in afficient, iterativavay by using an
ad-hoc compileoptimization, calledail-recursion optimizatior(see [Bruynooghe 82]
for a detailed descriptioand theapplicability conditions inthe case ofProlog
implementations).

Tail-recursion optimizatiofalsocalledlast-call optimizatioh makes sense only if
we assume the left-to-right computation rule, so floatinstance, wheihe clause
p(t) — L, p(u) is invoked, the recursive call p(u) is the last call to be evaluated.

In principle,any recursive clause can be transformed intaibrecursiveone by
simply rearranging the order of the atoms in the body. This transformatiorrést
w.r.t. Seny (see rule R8)However,goal rearrangements can increase the amount of
non-determinisnthus making useless tleficiency improvemengains due tdail-
recursionoptimization.Moreover, goal rearrangements damot preserveProlog
semantics (see Section 3.2.4), dad-recursion optimization is usually applied to
Prolog.

Thus, many researchdrave elaborateshore complex transformation strategies for
obtaining tail-recursion without increasitige non-determinism. We would like to
mention the following three approaches.
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The first approach consists in transformatgnost-tail-recursivelauses intdail-
recursiveones [Debray 85Azibi 87, Debray 88] by using unfold/fold rulesclause
is said to be almost-tail-recursive iff it is of the form:

p(® -~ L, pu), R

where L is a conjunction of atoms anddalledthetail-computation is a conjunction
of atoms whose predicates do not depend on p. Usualligittmemputation contains
calls to‘primitive’ predicatessuch as the ones for computic@ncatenation of lists
and arithmetic operationsuch asaddition and multiplication of integers. The
transformation methods considered in [Debray 85, Azibi 87, D&8hwreclosely
related to thenes considered by [Arsac-Kodratoff 82] fanctional programslhey
use thegeneralization strateggnd somereplacemenfaws which are validor the
primitive predicates, likefor instance, associativity dfst concatenatiorgssociativity
and commutativity of addition, and distributivity of multiplication over addition.

The second approach is based on schema transformations [BloBro8gh-
Hogger 87, Brough-Hogger 91], where soahmost-tail recursive prograsthemata
are shown to be equivalent to tail-recursive ones.

The third approach consists in transformirgj\@nprogram into einary one that
is, a program whose clauges/eonly one atom in their bodies [Tarau-Boyer 9is
transformation method is applicable &l programs and it is in the style of
continuation-based transformatiofer functional programs [Whd 80]. The
transformation works by adding to egmiedicate an extra argument (representing the
so-calledcontinuatior), which encodes the next goal to be evaluated.

For instance, the clauses:

p -
Pp-pP.dg
are transformed into:

p - pl(true)
pl(G) - G
p1(G) - p1((a,G)).
This transformation by itself does notprove efficiencyHowever, itallows us to

use aspecialized version adhe Warren Abstract Machine [Warren 88hd toperform
further efficiency improving transformations [Demoen 93, Neumerkel 93].

Annotations and Memoing

In this paper waave mainlyconsidered transformations which do not mage of the
extra-logical features of logic languages, like cuts, asserts,dkstayationsetc. In the
literature howeverthere are various papers which degh transformatiomuleswhich

preserve the operational semantics offutllog (see Section 3.2.4), and thereadse
some transformation strategies which work by inserting in a given Ppotggam
extra-logical predicatefor improving efficiency by taking advantage sfiitable
properties of thevaluatorThese strategies are relatedtme techniques whidtave
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been first introduced in the case fafnctional programsand are referred to as
programannotationgSchwarz 82].

In the case of Prolog, a typical technique which produces anngaigehms
consists in adding a cut operator ‘!’ in a point whereetkexution of the program can
be performed in a deterministic way. For instance, the following two Prolog clauses:

p(X) - C, Bodyl
p(X) ~ not(C), Body2

can be transformed (if C has no side-effects) into:

p(X) - C, !, Bodyl
p(X) - Body2

Thederivedclauses are mosedficientthan theinitial ones andehavdike anif-then-
else statement.

Prolog program transformations based on the insertion of cuts are reported in
[Sawamura-Takeshima 85, Debray-Warren 89, Deville 90].

Other techniques which introduce annotations foretveduatorare related to the
automatic generation oflelay declarations [Naish 86, Wiggins 92]which
procrastinate calls to predicates until they are suitably instantiated.

Alast kind of annotation technique whikchs been used fomproving program
efficiency is the so-callesiemoizatiofMichie 68]. Results of previouwmmputations
are stored in a table together with the program itael, when a query has to be
evaluatedhat table is looked up first. This technidues beenmplemented ifogic
programming by enhancinthe SLDNF-resolution compiler througtabulations
[Warren 92] or by using the ‘asseptedicatefor the run-time updating of the
programs [Sterling-Shapiro 86].

5. PARTIAL EVALUATION AND PROGRAM SPECIALIZAION

Partial evaluation(alsocalledpartial deductionin the case of logic programming) is a
program transformation technique which allows us to derive a new program from an
old one when part of the input data is knowoampile timeThis technique which can

be considered as an applicationtbé s-m-n theorem [Kleene 71, Chapter IX], has
beerextensively applied ithe field ofimperativeand functional languagfsutamura

71, Ershov 77, Bjgrner et al. 88, Jones et al. 93] and first used irptogiamming

by [Komorowski 82] (see also [Venken 84, Gallagher 86, Safra-Shapira@&,dhi

86, Takeuchi-Furukawa 86, Ershov ei&dl] for early papers opartial deductionyith
special emphasis on the problem of partially evaluating meta-interpreters).

The resulting program may be ma#cientthan thenitial one because by using
thepartiallyknowninput, it ispossible tavoidsome run-time computations which are
performed at compile time.

Partial evaluatiorran beviewed as a particularase ofprogram specialization
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[Scherlis 81], which is aimed at transforming a given program by exploiting the
knowledge ofthe context where that program is used. Thknswledgecan be
expressed as a precondition which is satisfied by the input values of the program.

No much work has been done in the area of logic progmauialization, apart
from the particular case of partial deduction. Noteworthy exceptioriBassi et al.
90] andvarious papers by Gallaghand otherdGallagher et al. 88Gallagher-
Bruynooghe 91, de Waal-Gallaglgt]. In the latter papers these of theabstract
interpretation methodolodyas acrucial role.Within this methodology it is possible to
represent anchanipulate gossiblyinfinite set of inputvalues which satisfiesgiven
precondition, by considering, instead, an element of a finite abstract domain.

Abstract interpretationsan be usetbeforeand after the application of program
specializatiorduring the so-callegreprocessingphase andostprocessinghase,
respectivelyDuring the preprocessing phase, using absinéatpretations we may
collect information depending on the control flauch as groundness afguments
anddeterminacy of predicateBhis information can then be exploitiat directing the
specializatiorprocess. Examples of this preprocessing are the bindingatiedgsis
performed by the Logimix partiavaluator of [Mogensen-Bondo#3] and the
determinacy analysis performed by Mixtus [Sahlin 91].

During the postprocessing phase, abstratterpretationsnay be used for
improvingthe programobtained bythe specializatiorprocess, asndicated, for
instance, in [Gallaghe€¥3] where it is shown how one can get rid of soecalled
useless clauses

The idea of partigvaluatiorcan be presented as follows [LIoyd-Shepherdson 91].
Let us consider a normal program P andammicquery — A. We construct dinite
SLDNF-treefor P O { -~ A} containing at leasbne non-root nodekor this
construction we use amfolding strategyJ which tells us the atoms which should be
unfolded and when to terminate the construction of the tree.

The notion of unfolding strategy is analogous to the one of u-selectiofseele
Section 4.1), but it applies to goals, instead of clauses. We then construct the set of
clauses {#; - G; | i = 1, ..., n}, calledesultants obtained by collectinffom ea
non-failed leaf of the SLDNF-tree, the goalG; and the correspondirg@mputed
answer substitutiog.

A partial evaluation ofP w.r.t. the atom Ais the programyPobtained from P by
first replacing the clauses of P which constitute the definition gbréicate symbol,
say p, occurring in A by the set of resultantg;{A- G; |i=1,..,n} and the
keeping only the definitions of the predicates on which p depends.

The generation diinite SLDNF-trees can be performedthin general frameworks
for dealingwith termination ofunfolding as the ones described in [Bruynooghe et al.
92, Bol 93].

Example 26Let us consider the following program P:
p([l!Y) -
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P(HITLY) ~ q(T.V)
q(mY) - Y=b
q(T.Y) — p(T.Y)

and the atom A =p(X,a). Let ususe theunfolding strategy U whiclperforms
unfolding steps starting from the queryp(X,a) until each leaf of the SLDNF-tree is
either a success or a failure or it has the samadicate othe root node. We get the
tree depicted in Fig. 6.

- p(X,a)

O - q(T,a)
0, = (X[}

~a=b - p(Ta)
failure 0,= XIHITT

Figure 6. An SLDNF-tree for B { — p(X,a)} using U.

By collectingthe goals and the substitutions corresponding ttethees othattree
we have the following set of resultants:

p(d.a) -
p(H|T].a) - p(T.a)

which constitute the partialvaluation R of P w.r.t. A. The clauses for ltpvebeen
discarded because p does not depend on q in the derived program.

If we use the program P the evaluation of arinstance of the query p(X,a)is
moreefficientthan the one using thtial program because the calls to ghedicate g
need not be computed and some failure branches are avoided. ]

The notion of partiabvaluation of gprogram w.r.t. an atom can be extended to the
one w.r.t. a set S of atoms by considering the set union of all resultants of the atoms in
S. Theorem 23 below establishes the correctness of gasdiahtionFirst weneed
the following definitions.

DEFINITION 21.Given a set R of normal clauses and a set&aohs, wesay that R
is S-closediff an atom in Rwith predicatesymbol occurring in S is an instance of an
atomin S. m

DEFINITION 22. Given a set S aitoms, wesay that S isndependeniff no two
atoms in S have a common instance. n
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THEOREM 23. Correctness of PartidEvaluatior) [Lloyd-Shepherdson 91{Given
a normal program P and andependenset S of atoms, let us considepartial
evaluation R of P w.r.t. S. Then foevery atomiguery - Asuch that Ais amstance
of an atom in S and{fis S-closed, we have that:

i) SenydP, - A) =Seng{Ps, - A), and
i) Seme(P, — A) = Seng(Ps, —~ A). "

This theorem can bextended tothe case ofcomputed answesubstitution
semantics and normal queries [Lloyd-Shepherdson 91].

In Example 26, the correctness of progragr@sulting from thepartialevaluation
process, followsfrom Theorem 23, becauds®r the singleton {p(X,a)} the
independence propertyivially holds. The closedness property also hdidsause
p([l.a), p([H|T],a), and p(T,a) are all instances of p(X,a).

The closedness aimtlependence hypotheses cannot be drofspedTheorem 23,
as it is shown by the following example.

Example 27Suppose we want to partially evaluate the following program P:

p(@) - p(b)

p(b) -
w.r.t. the atom p(a). We catterivethe resultant p(a) p(b). Thus, gartialevaluatio
of P w.r.t. p(a) is the progran,P

p(@) - p(b)

obtained by replacing the definition of p in P by the resultantp(gfb). P, is not
{p(a)}-closed and we have that SggfP,, — p(a)) =0, while Seng (P, - p(a)) =

{p(a)}.

Now, consider the following program Q:
p — g(X), ~r(X)
q(X) -
and the set S of atoms {g(X), g(a)} which is not independent.gartial evaluation of
Q w.rt. Sis the following program«Q

P ~ q(X), =r(X)

q(X) -

q(@) -
Qg is S-closed and Sef(Qs, —~ p) = {p}, while Semx{Q, —~ p) = 0O, because the
unigue SLDNF-derivation for @ { — p} flounders. ]

Various strategiehavebeen proposed in thaeraturefor computing from a giv
program P and atomic query A, the set S of atoms with thedependence an
closedness properties required by Theorem 23 [Benkerimi-Lloyd 90, Bruynooghe et
al. 92, Gallagher 91, Martens et al. 92]. Some of them regemeralizatiorsteps and
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the use of abstract interpretations.

Other techniques fgpartial evaluatiomnd progranspecializatiorare based on the
unfold/fold rules [Fujita 87, Bossi-Cocco 90, Sahlin 91, Prestwich P8fietti-
Pettorossi 93a]. By using thomehniques, given program P and a set of atoms S =
{A1,...Ap} fori=1,...,m we introduce a new predicate newefined by:

Dj:  newp(Xy,...Xp) < Aj
where X,...,X, are the variables occurring in.A

When using thelefinition, unfolding,and folding rules the correctness of the
derivedprograms is ensured by the results presented in Section 3, insidasbam
23. In particular, asgdiscussed in Section 3.3, for any program P a&nchic query
~ newq(ty,...ty) we have that:

) SemsPO{Dy,....005 ~ newR(ty,...ty) = Seng4Q, — newq(ty,...ty)), and
i) Semp (P O {D 1,....Dp}, — newq(ty,...ty)) = Senk(Q, — newq(ty,...ty)

where Q is any progranderivedfrom P 0O {Dj,....Dy} by applying the
transformation rules according to the restrictions of Theorems 11 and 12.

Let us now briefly compare the two approaches to pastialuation wehave
mentioned above, thi, the one based on Theorem 23 and the one based on the
unfold/fold rules. In the approach based on Theorem 23ffi@encygains are
obtained by constructing SLDNF-treasd extracting resultantsThis process
corresponds to thapplication ofsome unfolding steps, and sirefficiencygains are
obtained without using the folding rule, it may seem that this is an exception to the
‘need for folding’ meta-strategy of Section 4However, inorder to guarantee the
correctness of the partievaluation of a giveprogram P w.r.t. a set of atoms S, for
each element of S we are requireditocd an SLDNF-tree whosk&avescontain
instancesf atoms in S (see the closednesnadition),and as the reader magsily
verify, this requirement exactly corresponds to the ‘need for folding’.

Converselythe second approach based on the unfold/fold rules, doesquire
the closedness ariddependence conditiortat as we show iExample 28 below, we
need to perform some final folding steps using the clauges,D;y, corresponding to
the atoms in S.

In this secondapproachthe use of therenaming techniquefor structure
specialization [Benkerimi-Lloy®0, Gallagher-Bruynoogh®0] which is often
required in the firsapproach, is1otneeded, as indicated Iiye following example. In
this example we derive by unfold/fold essentialiyy same program obtained by
renaming in [Gallagher 93For other issuesoncerning the use of foldinduring
partial evaluation the reader may refer to [Owen 89].

We now present an exampleddrivation of a partial evaluation ofpsogram by
applying the unfold/fold transformation rules and the loop absorption strategy.
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Example 28.(String Matching [Sahlin 91, Gallaghe®3]. Let us consider the
following program M for string matching:

1. match(A) - matchl(PT,PT)

2. matchl([]X,Y,2)~

3. matchl([A|Ps],[A|Ts],P) — matchl(Ps,Ts,PT)

4. matchl([A|Ps],[B|Ts],RIC|T])} - (A=B), match1(PT,PT)

where the pattern P and the string T are represented as listeatuhdP, Tholds iff
the pattern P occurs in the string T.

We wantto partiallyevaluatehegivenprogram w.r.t. thatom match([a,a,b],X). In
order to do so we first introduce the following definition:

5. newpl(X)- match(a,a,b],X)

whose body is the atom w.r.t. which the pareluatiorshould be performed. As
usual when applying the definition rule, the name of the Ipeedicate is a new
symbol, newpl in our case. Then we construct the unfolding tree for <M, clause 5>
using the u-selection rule which unfolds the leftmost positive atom, if any.

The u-selection rule terminates the construction of the unfolding treefarteach
clause C at a leaf of the tree at hand we have that:

i) the predicates match and matchl do not occur in bd(C), or

ii) Cis a clause with finitely failed body, or

iii) all atoms in bd(C) wittpredicate match or matchl can be foldsihg one of
the definitions introduced so far.

The u-selection rule algerminates the construction of the unfolding tree when we
can apply the loop absorptistrategy, that is, an atomthe body of a clause ateaf
L is an instance of an atom in the body of a clause occurring in an ancestor node of L.

By using this u-selection rule we get the tree depicted in Fig. 7.

5. newpl(X) - match([a,a,b],X)

6. newpl(X) - matchl([a,a,b], X, [a,a,b], X)

/

7. newl([a|T]) - matchl([a,b], T, [a,a,b], [a|T])

8. newpl([H|T])- - (a=H),
matchl([a,a,b], T, [a,a,b], T)

Figure 7. An unfolding tree for <M, newpl1(X) match([a,a,b],X)>.

In clause 8 the atommatchl([a,a,b], T, [a,a,b], T) is &amstance of the body alause
6. Thus, we can apply the loop absorption strategy andntn@duce the new
definition:
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9. newp2(T)- matchl(a,a,b], T, [a,a,b], T).
We fold clause 6 using clause 9 and we get:
6f. newpl(X)- newp2(X).

Now the unfold/foldderivation continues by constructitige unfolding tree for <M,
clause 9>, which is depicted Hig. 8 (where we used the sameselectiorrule
described above).

9. newp2(X)~ matchl([a,a,b], X, [a,a,b], X)

/

10. newp2([a|T])}- matchl([a,b], T, [a,a,b], [a|T])
‘ 11. newp2([H|T]

12. new?2([a,a|T]) - matchl([b], T, [a,a,b], [a,a|T])

=2 e e lia,a.00, [HIT], [a.abl, (HIT)

« 7 (a:H)!
matchi([a,a,b], T, [a,a,b], T)

14. new2([a,a,b|T])- matchl([], T, [a,a,b], [a,a,b|T])

15. newp2([a,a,H|T])}- = (b=H),

16. newp2(ja.a,b[T]) matchl([a,a,b], [a,H|T], [a,a,b], [a,H|T])

Figure 8. An unfolding tree for <M, newp2(X) matchl1([a,a,b], X, [a,a,b], X)>.

By folding clauses 15, 13, and 11, we get the following program:

6f.  newpl(X)- newp2(X)

16. newp2([a,a,b|T])-

15f. newp2([a,a,H|T])- —~(b=H), newp2([a,H|T])
13f. newp2([a,H|T])- ~(a=H), newp2([H|T])
11f. newp2([H|T])— —~(a=H), newp2(T)

which is exactly the program produced by Migtus partial evaluator ofSahlin 91, p.
124]. "

One of the mostelevant motivation$or developingthe partial evaluation
methodology, is that @dan be used fatompiling programs anfibr deriving compilers
from interpreters, vighe Futamura projections technique [Futaniiih For thislast
application it is necessary thithe partiakvaluator beself-applicable that is, able to
partiallyevaluatétself. The interested reader may refejdones et al. 93] for general
overview,and to[Fujita-Furukawa 88, Fuller-Abramsky 88, Mogensen-Bondorf 93,
Gurr 93] for moredetails on the problem aelf-applicatbility of partial evaluators in
the logic languages Prolog and Godel.
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Partialevaluatiorhas also been used in the aredefuctivedatabases fateriving
very efficient techniquefor recursivequery optimization.Some results irthis
direction can be found in [Bry 89].

6. RELATED METHODOLOGIES FOR PROGRAM DEVELOPMENT

Fromwhat we haveresentedbove itshould be clear that program transformation is a
methodology for programevelopment which is verpuch related to various fields of
Theoretical Computer Scienemd SoftwareEngineeringHere we want tdoriefly
indicatesome of the techniques and methods whiclused in those fieldghich are

of some relevance to the transformation methodology and its application.

Let us begin by considering some of thealysis techniques by which the
programmer maynvestigate various properties tfie programs at hand@hose
properties may then be uséar improving efficiency by applyingransformation
methods. Program properties which are often uskfulprogramtransformation
concernfor instancethe flow of computationthe use of datatructures, the
propagation of bindings, the sharing of information armemggments, thiermination
for a given class of queries, the groundnessl freeness odrgumentsand the
functionality (or determinacy) of a predicate.

Perfect knowledge about these properties is in general impossibiio, because
of undecidability limitationgHowever, it isoften the case that approximatasoning
can be carried out by using abstiatérpretation techniqud®ebray 92]. Theynake
use of finiteinterpretation domains where informatioan be obtained by finite
amount of computation. Theterpretatiordomains vary according to the property to
be analyzed and the degree of information one would like to obtain [Cortesi et al. 92].

A general framework where program transformation strategies are supported by
abstract interpretation techniques is defined in [Boulanger-Bruyn®@g&jhémong
the manytransformation techniques which strongly depend on proguaatysis
techniques we would like to mention: i) Compiling Confsde Section 4.2.yhere
the information about the flow of computationused forgenerating theinfolding
tree, ii) thespecializatioomethod of [Gallagher-Bruynoog®d] which is based on a
techniqudor approximating the set of all possible calls generated durireyéheation
of a given class of queries, iii) various techniques which insert cuts on the basis of a
determinacy informatiofsee Section 4.3), aiv) various techniques implemented in
the Spes systefilexandre et al92] in which mode analysis is usedn@chanize
several transformation strategies.

Very much related with these methodolodmsthe analysis of programs are the
ones for the proof oproperties of programs. They have been uegdorogram
verification,and inparticularfor making sure that given set of clauses satisfies a
given specification, or a givdinst order formula is true in a choseamantic domain.
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These proofs may be used finving theapplication of suitable instancestbiegoal
replacement rule.

Many proofs techniques can be found inlifeeature,and inparticular, inthefield
of Theorem Proving and Computer Aided Deductieor. the onesvhich havebeen
used for logic programs and can be adapted for program transformation wezatiay
those in [Drabent-Maluszynski 88, Bossi-Cocco 89, Deransart 89].

The field of programtransformation partially overlaps with that pfogram
synthesisindeed, if we consider the given initial program as a progpeuification
then the final progranderived by transformationan be considered as an
implementation osuchspecificationHowever, it isusually understood thatogram
synthesis differs from program transformation becaussbeafication is aomewhat
implicit description of the program to berived.Suchimplicit description often does
not allow us to get the desired program by simplnipulationslike the one
obtainable by standard transformation rules. Moreover, dftisn the
case that the specification languaiféers from theexecutable language in which the
final program should bevritten. This language barrier can ln&ercome by using
transformation rules, but theshniques, we think, gbeyond the area dfaditional
program transformatioand moreprecisely belong to the field of logfmogram
synthesis for which we refer to [Deville-Lau 94].

Finally, we would like to mention thate transformatiorand specialization
techniques considered in this paper have been partially extended to corogicent
programs [Ueda-Furukawa 88] and constraint logic programs [Hickey-Smith 91].

7. CONCLUSIONS

We have looked at thineoretical foundations ahe so-calledrules + strategies’
approach to logic program transformation. We established a unified frametverd
to consider and compare the various rules whialebeen proposed in tHigerature.
That framework igparametric wittrespect to the semantics which is preserved during
transformation. We have presented varigess of transformatiorrules and the
corresponding correctness results w.r.t. foilwwing semantics: the leabterbrand
model,the computed answesubstitutionsthe finitefailure, and the pureProlog
semantics. We have also considered the case of normal programs, and using the
proposed framework we presented the rules which preserveéiite, successet,
andClark’s completion semantic®ur presentation could have been extended by
considering various other semantics for normal progeaatable intheliterature, but
space limitations prevented us from doing so.

We have also presented a unified framework in which it is possildedtribe
some of the mostignificant methods whicthave been proposetbr the
transformation of logic programs. We have singled out asteategiessuch as the
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tupling, the loop absorption, and tigeneralization strategiemd wehaveshownthat
the basic techniques related to compilagtrol,programcomposition, change afata
representation, partiavaluationand progranspecializatiorcan beviewed as suitable
applications of those strategies.

An area of furthelinvestigation isthe characterization othe power of the
transformation rulegnd strategieshoth in the‘completeness’ sense, thist their
capability of deriving equivaleqrograms, and in the ‘complexity’ sense, thathisir
capability of deriving programs whicire moreefficient thanthe given ones. No
conclusive results are available in these directions.

Aline of research that can be pursued in the future istbgration of toolslike
abstract interpretationgsroofs ofpropertiesand program synthesisithin the rules +
strategies approach to program transformation.

The impact of theransformational methodology the practice of logiprogram
development isstill small. However, it is recognizedthat the automation of
transformation techniques and thege in a system for softwadevelopmentis of
crucial importance. There is a growing interest inrttezhanization of transformation
strategieshe production ofnteractivetools forimplementingprogramtransformers,
and thedevelopment of optimizing compilenghich make use of thieansformation
techniques.

The importance of the transformation methodology will substantially increase by
extending its theory andpplications to the case of complex logic languaggsh
include features, like constraints, parallelism, concurrency, and object-orientation.
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